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Functions Reconstructed from Intercepts of Tangents

Michael Scott McClendon and Slav Todorov
Department of Mathematics and Statistics, University of Central Oklahoma, Edmond, OK
73034

Every twice differentiable function of one variable has a unique tangent line at each point
of its domain. Each tangent line may or may not have an x- and a y-intercept. If none of
the tangent lines have both intercepts then knowledge of the other intercept makes it a
trivial task to reconstruct the original function. For many functions whose tangent lines
do possess x- and y-intercepts, we have outlined a technique by which the original func-
tion may be recovered from just the x- and y-intercepts of the tangent lines. Knowledge
of the point of tangency between the tangent lines and the original function is not neces-
sary. Furthermore, twice differentiable functions of two variables have unique tangent
lines at each point in their domains. However, the tangent lines to such functions have
xy-plane, xz-plane, and yz-plane intercepts instead of the simpler x- and y- intercepts.
Still, our technique for reconstructing functions of one variable can be extended to re-
construct many functions of two variables merely with the knowledge of the location of
the planar intercepts of the tangent lines. Additionally, we have developed a technique
to reconstruct a surface given only the points where its tangent planes intersect the x, y,
and z-axes. © 2005 Proceedings of The Oklahoma Academy of Science.

only the origin. As there are infinitely many
straight lines through the origin, then more
information would be needed in order to
determine which line it is. If a subset of the
function is a straight line such that, when
extended, does not pass through the origin,

INTRODUCTION

It seems reasonable to be able to physically
reconstruct, say, a football if all that was
known about it was its set of tangent planes.
The points of tangency between the football

and the tangent planes would not be nec-
essary. In this paper, we will demonstrate a
technique by which most curves in 2-space,
most curves in 3-space, and most surfaces in
3-space can all be reconstructed from the set
containing only the intercepts of its tangents
with the coordinate axes or planes.

RESULTS AND DISCUSSION

Reconstructing Curves in R?

In this paper, we will limit ourselves
to all explicit twice differentiable functions
such that no subset thereof is a straight line.
If a subset of the function is a straight line
such that, when extended, passes through
the origin, then this subset of points of the
function will have intercepts consisting of

then the intercepts belonging to this subset
of the function will remain constant. By
the continuity of the function, it should be
obvious which subset of the function would
belong to the straight line, assuming we
were aware of the domain of the function.
So, suppose that f(t) = (x(),y(1)) is a twice dif-
ferentiable function of t such that no subset
thereof is a straight line. If no tangent line
of f has an x-intercept then f(t) = (0,b), for
some constant b. If no tangentline of f hasa
y-intercept then f(t) = (4,0), for some constant
a. Ify'()/x’'(t) =0, then f has a tangent line
at t of the form y = ¢, for some constant c.
If x'(t)/y’(t) = 0, then f has a tangent line at ¢
of the form x = d, for some constant d. Sup-
pose that there are at most countably many
points t such that x’() =0 ory'(t) =0. Then
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any nonvertical and nonhorizontal tangent
line to this function will have the form
y-yt) = (t) (x x(t)).

Therefore, the x-intercept of the tangent
line will be

x'(t)
x-x(t) =——= (t) y(t). (1)
and the y-intercept will be
y'(t)
y(t) = 0 x(t). 2)

It is known that it is possible to reconstruct
a function from its set of tangent lines
(Horwitz 1989). We show below that if the
only information that we possessed about
f was the x-intercepts and the y-intercepts
of its set of tangent lines then we could still
reconstruct the original function f. That is,
itis possible to determine what a function is
from the set containing the intercepts of its
tangent lines. Note thatitis not necessary to
know the location of the points of tangency
between the tangent lines and the original
function f.

We begin by describing a tangent line
transformation of a function f, as presented
in (Butler 2003). If f{t) = (x(t), y(t)) is any
function of t, then the tangent line transfor-

mation M is defined by
y'(t) y'(t) ]
Mi(x(t), y(t) [ 0 ,y(t)—x,—(t) x(t (3)

®) provides the slope of the

where¥ "
(nOIlVQIJ'CthtaD line tangent to the curve f(t) =
(x(b), y(t)) at x =x(b), and y(t) - y ( f) x(t)
provides the value of the y- 1ntercept of the
tangent line. Consider now the sets A and

B, where A = {intercepts of all vertical and
horizontal tangent lines}
and

B={xp-¥1® t,O),(O, A ALE t): ), y(t), 0}
{(x() y,(t)y() y(t) 0 x(D):x'(t), y'(t), =

T, = A UB is a set containing all intercepts
of the tangent lines to y = f(x). Note that the
point of tangency between the tangent line
and the function y = f(x) is unknown.

Given the set T, it is possible to recon-
struct the function f from which T, is derived.
First, note that if T, has only one element,
then reconstructing f is trivial. Otherwise,
note that the quotient of the y-intercept over
the x-intercept provides the negative of the
slope of the tangent line at x = x(t). Thatis,
we have

x'(Hy(t) - y'(t)x(t)

y(t) =YD 1)
x'(t)

- xX'(1) _yW
x() XDy Oy -y 21
y'(t) y'(t)

Now we evaluate

M lqum Vmﬂﬂ

By (3), the first coordinate is

[ AL x(t)] g Y OOy Ox® YO

7 2 7
x'(t) _ [x’(D)] x'(t) ), @
4| v® oy OX (1) —y (Bx (1)
dat | xi(p)] EXGIE

and the second coordinate is

r y'(t)
dt [y(t) xX'(t) ()] Y1)
y(t) x'(t)

- x/(t)

x'(t)

[y(t) y'e) x(t)]
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Yy (x'() =y (Hx"(t) v
=y(t) - y x(t) — yw- [x'(1)]? ) - (t)x(t) [_y’(t)
') YOOy X W) 0
[x' ()]

=y(t)

Therefore, from (4) and (5) we see that

= (x(1), y(t)). (6)

y'(t) AL
M[ w Y

This provides the original function. Thus,
the original function is obtained from noth-
ing more than the information found in the
setT,.

Reconstructing Curves in R?

As in the case for R? we again limit
ourselves to all explicit twice differentiable
functions such that no subset thereof is a
straight line. Suppose that f(t) = (x(t), y(t),
z(t)) is such a curve. Then for any fixed ¢ in
its domain the tangent line at ¢ is given by

(x(s), y(s), z(s)) = (x(t), y(t), z(1)) + s(x'(1), y'(1),
z'(t)). (7)

We call the xy-plane, the xz-plane, and the yz-
plane the major planes. If every tangent line
of f possesses planar intercepts belonging
only to two of the three major planes, then
clearly the problem of reconstructing f
reduces to the 2-dimensional case. If the
tangent line 1in (7) does not possess two pla-
nar intercepts, say 1 does not possess an x,x,
plane intercept and an x,x, plane intercept,
then the tangent line will have parametric
equations of the form

x (s)=s
x,(s)=a
x,(s)=b

where 4 and b are nonzero constants. If the
tangent line 1in (7) does not possess exactly
one planar intercept, say 1 does not possess

(@)

an x x, plane intercept, then the tangent line

will have parametric equations of the form
x,(s)=a+sb
x,(s)=c+s-d

X, (s) =k,

where 2 and c are any constants, and b, d and
k are nonzero constants. If the tangent line 1
in (7) is contained in one of the three planes,
say the x,x, plane, then the tangent line will
have parametric equations of the form

x, (s)=a+sb

x,(s)=c+s-d

x,(s)=0,

where g, b, c, and d are constants and at least

one of b or d is nonzero. If the tangentline in

(7) possesses all three planar intercepts then

the point at which it intersects the xy planeis

determined by setting z(s) = 0. This gives
0=zt +s z'(t),

yielding

z(t)

BELOR ®)

By substitution of (8) into (7) we get the
remaining two coordinates

x'(t) y'(t)

x=x(t) - 70 z(t) and y=y(t) - == ) z(t)

Thus, we have that the xy-plane in-
tercept of the tangent lines to f(t) is

y'(t)
z(1), V(f) - Tt} z(t), 0) (9)

x'(t)
(x(t)— =)
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In a similar manner, we obtain the remaining
planar intercepts. We get

xz intercept:

x'(t) z'(t)
(x(t) S Y0020~ 2o y(t)) (10)
yz intercept:
y') z'(t)
(0’ v = 0] (t))
(11)

We will denote the coordinates of these pla-
nar intercepts (9), (10), and (11) by

xy intercept = (x, y,, 0),

xz intercept = (x, 0.z), and
yz intercept = (0.y,, z,,,), respectively.
Consider now the sets A and B where
= {planar intercepts of all tangent lines

that are parallel to one of the three planes}
And

B = {(xv Yv 0), (JCH, 0, ZH)’ ©, Y ZIII)}'
T,=A UB is a set containing all of the
planar intercepts of the tangent lines to
f(t) = (x(t), y(t), z(t)). Note that the point of
tangency between the tangent line and the
function f(#) = (x(t), y(t), z(t)) is unknown.

Given the set T, it is possible to re-
construct the function f from which T, is
derived. If one of the coordinates of every
intercept in T, is the same value, then, as
alluded to above, the problem reduces to
the 2-dimensional case. Otherwise, we

jig

As has already been seen, (13) is equal to
(z(1), x(1)).
That is,

x, ] ~ (a(t), x(1).

Therefore, two of the coordinates of the
original function have been reconstructed.
To reconstruct the third coordinate y(t), we
evaluate

M [ yuz_ yml v, ]
il

By a similar derivation as above it can be
shown that

M Yo=Y , yH:M_ y/(t)
Zi z

Z'(t)
=(z(1), y(t)).

y'(t)

v -3¢, z(t)]

and, hence, all three coordinates of the orig-
inal function f(t) = (x(t), y(t), z(t)) have been
reconstructed. Thus, the original function is
obtained from nothing more than the infor-
mation found in the set T,.

Reconstructing Surfaces in R3

Now, suppose that z = f(x, y) is a dif-
ferentiable surface whose intercepts consist
of something more than only the origin. As
there are infinitely many planes that inter-
sect only the origin, then more information
would be needed in order to reconstruct it.
If the tangent planes of f intersect only one

evaluate of the coordinate axes, say the x, axis, then
X, -x, f will be a plane of the form x, = b, for some

M[ Z” , xl] P (12)
This equals

x'(t) x'(t) 5

[ V- (”] [ V-5 y(”] x(8)
2() SO
z(t) — 0 y
X' (Dy(D)z' () —x"(Dy'()z(t)

M y'(®)z'(t) , t_L(t) plem[-X® x® . 13

O R EC R B B R R | (13)

y'(t)
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constant b. If the tangent planes of fintersect
exactly two of the coordinate axes at points,
say the x, and x, axes, then f will be of the
form f (xL x,) = ¢, and the problem of re-
constructing f reduces to the 2-dimensional
case of reconstructing a curve. Otherwise,
for any fixed point (x, y,) in its domain the
tangent plane at (x y,) is given by

z :f(xn' yo) + fx(xo' yn) (x - xo) +fy (xof yn)(y _yo)'

(14)
The point z, at which this tangent plane in-
tersects the z-axis is determined by setting x
=0and y=0. Thus, the point x,on the z-axis
that the tangent plane intersects is

z, = f (xy ¥o) = %, £ % ¥,) _yofy (xy y,)- (15)

The point x, at which the tangent plane in-
tersects the x-axis is determined by setting
y=0and z=0. This provides

0=1(xy yo) + £, (y Y, = x) =y f, (x, ). (16)

Rewriting (16) gives the point x, on the x-
axis that the tangent plane intersects is

x = yofy(xo'yo) * xafx(xo' ]/o) _f(xu' yo) (17)
! -fx (Xo' ]/0)

z, [1 - ; -— ]z (fx, y) = xf.(x, y) = yf,(x, y) |1 -

A similar derivation from (14) will give the
point y, on the y-axis that the tangent plane
intersects which is

xof (xofyo) + yof (xa' yo) _f(xof ya) 1
= X i 8
y] f;{ (-XO/ yo) ( )

Consider now the sets

A = {intercepts of tangent planes to f that
do not intersect all 3 coordinate axes}
and

B={(x,0,0),(0,y,0),(0,0,z)}.

T,= AU Bis aset containing all of the points
where each tangent plane to the surface y = f
(x, y) intersects each of the three axes. Note
that the point of tangency between the tan-
gent plane and the surface is unknown.

Given the set T, it is possible to re-
construct the function f from which T, is
derived. If there is only one element in T,
then reconstructing f is a trivial matter. If
one of the coordinates of every intercept in
T, is either 0 or the entire axis, then, as al-
luded to above, the problem reduces to the
2-dimensional case. Otherwise, we claim
that

x
flx,y) = 21(1 Ty ) (19)

To demonstrate this with less complex no-
tation, we will drop the 0 subscripts. Note
that

X

yf,(xy) +xf (x, y) - f(x, y)
f.(x,y)

y

xf(ooy) + yf(x y) —f (x, y)
f.(x )

=fy) = xf, (e, y) —yf, (¢ y) + xf, (x, y) + yf (x, y)

—f(x,y).
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Hence, the original function is obtained from
nothing more than the information found
in the set T .

Reconstruction in Higher Dimensions
Currently research is underway to
determine techniques that can be used to
reconstruct curves in R" for n > 4. We con-
jecture that the tangent line transformation
will be used to reconstruct curves in R" for n
>4. Reconstructing surfaces in these higher
dimensional spaces is actually a simple gen-
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eralization of the technique described for
surfaces in R®. We leave it to the interested
reader to work out the details.
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