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A FOUR-PARAMETER CORRESPONDING STATES CORRELATION
FOR FLUID COMPRESSIBILITY FACTORS
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This investigation demonstrates advantages in the use of Pitzer's acentric factor and Stiel's polar factor as the third and
fourth parameters in a corresponding states correlation for compressibility factors. A generalized reduced virial equation is
developed and used as the correlation framework to describe simultaneously, with a single set of generalized coefficients, the
compressibility factors of sixteen fluids, ranging from noble gases to polar compounds.

In the past, the two-parameter corresponding states principle has formed the basis of many correlations in
which a reduced thermodynamic or transport property for nonpolar fluids is related to the temperature and
pressure or temperature and volume. More recently, third and fourth parameters have been introduced into
corresponding states correlations to predict the behavior of wider ranges of fluids, including polar fluids. The
accuracies of correlations using third and fourth parameters have varied, with the degree of success depending
primarily on the parameters used.
Four-Parameter Correlation Development

The work of van der Waals about 1873 used the critical temperature and critical pressure to characterize a
substance. According to van der Waals, the simple theorem of corresponding states indicated that substances at
equal reduced conditions should behave identically. However, it was shown that this behavior results only for
fluids having small, spherical, weakly interacting molecules.

To correct for the effects of molecular size and shape, various third parameters were added to the simple
theorem. Among those advancing third parameters were Su and Viswanath (1), Meissner and Seferian (2),
Lyderson, et al. (3), Riedel (4-6), and Pitzer, et al. (7-13). Definite improvements were obtained for correlations
for nonpolar fluids. The most widely used and most reliable third parameter was the Pitzer acentric factor, ω .
The name "acentric factor" was used to imply that the factor roughly measures the deviation of the
intermolecular potential function from that of the simple fluids. Expressed in terms of its defining vapor
pressure relation, the acentric factor is a measure of vapor pressure deviation from simple fluid behavior due to
size-shape, polarity, association, and quantum effects. Pitzer showed that the acentric factor can be used to
correlate real fluid properties by using the following expression to correct (to first order) for deviations from
simple fluid properties,

where Y is any correlatable reduced property, Y(0)is the simple fluid contribution, and Y(1) is the correction term.
With the success of the acentric factor in correlating properties of nonpolar fluids, the next step was to

define a suitable fourth parameter to take into account polar effects. Eubank and Smith (14) were one of the first
to define a fourth parameter in terms of dipole moment. Their fourth parameter was made an arbitrary function
of a reduced dipole moment, and an extra term was added to Equation 1 in their approach. The acentric factor of
each polar material was taken to be that of its hydrocarbon homomorph, which limited the correlation to organic
materials. The use of the dipole moment or reduced dipole moment has been previously criticized by Hildebrand
and Scott (15), Riedel (6), and Pitzer and Curl (9).

The first really satisfactory development of a fourth parameter was made by Thompson (16). Thompson
succeeded in separating size-shape effects from polarity effects in developing his fourth parameter. He defined a
so-called "true acentric factor" and an association factor, and related them by
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with ω = Pitzer’s acentric factor, ϖ = true acentric factor, τ = association factor
The true acentric factor was correlated with the molecular radius of gyration, and the association factor was determined
by the difference between ω and ϖ. Using these parameters, Thompson
proposed the relation

where Y(l), Y(2), Y(3) are the correction terms due to the true acentric factor, the association factor, and their cross product,
respectively.

Since the radius of gyration is difficult to determine, Harlacher (17) modified Equation 3 by using the molecular
parachor, P, as the fourth parameter. The parachor is a function of liquid molar volume, and Harlacher (17) showed that
the liquid molar volume is a function of the molecular radius of gyration. Based upon Harlacher's development, Equation
3 becomes

where a is the slope of the line representing the locus of zero association effects on a plot of parachor versus acentric
factor.

The parachor was shown by Harlacher and Braun (18) to be a reliable fourth parameter for correlating vapor
pressures of polar materials. However, the nature of the expansion in Equation 4 is such that a value of the parachor is
required even when nonpolar, normal fluids are being considered. One advantage of Pitzer's acentric factor as a third
parameter is that it becomes zero when working with simple fluids. A fourth parameter would have a similar advantage if
it became zero when the fluid considered is not polar.

In a series of papers, Halm and Stiel defined a fourth parameter for polar fluids through the vapor pressure and
showed that their approach was applicable for the entropy of vaporization (19), density of saturated liquids and vapors
(20), and second virial coefficients (21). Their fourth parameter, referred to as the polarity factor, x, may be represented
by

with ω being Pitzer's acentric factor and ∗
rp the reduced vapor

pressure at Tr = 0.6. Using x as the fourth parameter, the four-
parameter extension of Equation 1 becomes

with Y(2) the contribution due to the polarity correction and Y(3) the cross product correction term if molecules of the
material are very large or highly associated, or both. Recently, Peng and Stiel (22) have considered two alternative
parameters, ω' and x'. These are related to ω and x by

with ω'  and x' ≥ 0. These equations allow for a degree of separation of ω into shape and polarity contributions, while ω'
and x' remain positive for all substances. This is an advantage over the parameter x, which was found to be negative for
several of the higher-molecular-weight alcohols, for example.

In the present investigation, Pitzer's acentric factor, ω, and the polarity factor, x, were selected as the most suitable
parameters to be used in a four-parameter corresponding states correlation. Both parameters have the advantage that they
are calculable from reliable vapor pressure data and approach zero values when simple fluid behavior is approached.

CORRELATION DEVELOPMENT
One of the reduced thermodynamic properties which can be correlated using the corresponding states principle is the

compressibility factor, Z. The compressibility factor can be expressed by the reduced virial equation of state, which has
the form

where ρr the reduced density, is

Vernick (23) has shown that the coefficients Bn in Equation 9 may be expressed by expansions in 1/Tr. The coefficients
may be represented as
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with Tr = T/TC.
In order to characterize the behavior of normal fluids, it is possible to express the coefficients Ans from

Equation 11 in terms of an expansion in ω , shown by.

For polar materials, the coefficients Dnsa in Equation 12 may be expressed
in terms of expansion in x, given by

By combining Equations 9 through 13 one arrives at a general expression for the compressibility factor given by
Eq.14

Thus, Equation 14 represents a means of obtaining the
compressibility factor of a material by knowing the values of
ρr', Tr', ω', and x.

In order to calculate compressibility factors from Equation 14,
the maximum index of each summation must be specified and the
values of the coefficients Cnsab must be determined. This was
accomplished in this investigation by using a computer program
known as ORNOR, which is an orthogonal least-squares
technique. Hall and Canfield (24) developed the ORNOR
program, which will choose, in a least-squares sense, the best
polynomial to approximate an infinite series. It will also select the
polynomial coefficients which have a minimum variance from the
series coefficients. In this investigation, values were assigned to
the indices in Equation 14 to specify the maximum number of
terms with which the ORNOR program was to perform
computations. The computer program then used experimental
compressibility factor data to determine the best polynomial fit for
each degree polynomial up to and including the maximum number
of terms in the summation. For each polynomial fit, the program
determined the average absolute deviation of calculated
compressibility factor values from the experimental values and the
values of the coefficients Cnsab in the summation. Analyses of the
orthonormalization process have been presented elsewhere (24,
25).

DISCUSSION OF RESULTS
P-V-T data were collected for twenty-one fluids studied in

this investigation. These fluids ranged from noble gases to
strongly polar materials. Superheated vapor data were obtained for
each gas; saturated liquid and vapor data were obtained where
available. Accurate values for molecular weight, critical
temperature, critical pressure, criti-
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cal compressibility factor, acentric factor, and polarity factor were gathered from the literature for each of the
materials studied. These values are presented in Table 1 along with the literature citations for the P-V-T data.

The data for each individual fluid were fitted to a polynomial to determine the self-consistency of the data
and to establish the limits for the index on each summation. The limits which were finally established were N =
7, S = 1, A = 1, and B = 1. Values larger than 1 for S did not improve the accuracy of the resulting data fit.
Values of A and B equal to 2 and greater produced terms in ω2, ω3,... and x2, x3, ... which offered negligible
contributions. The contributions of the cross product terms ω x and (ω x)2 were also negligible and were
eliminated from the correlating equations.

Using the four parameters ρr', Tr', ω', and x, the coefficients in Equation 14 were determined by the ORNOR
program for one equation for predicting saturated vapor and liquid compressibility factors and a second equation
for predicting superheated vapor compressibility factors. These correlations were based upon the data for 16
materials, including 5 polar materials. The average absolute deviation from experimental values of the predicted
compressibility factors for the saturated vapor and liquid equation was 1.87%, and for the superheated vapor
equation was 2.92%. The coefficients for these two equations are given in Table 2 together with the range of
data used. Deviations for individual substances are given in Table 3.
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Two of the materials used in this investigation, nitrous oxide and nitric oxide, have negative values of x
and could not be included in the existing correlation. However, using the alternative parameters ω' and x', a
second superheated-vapor equation was developed with a resulting average absolute deviation in the data of
3.84%. Deviations for individual substances are given in Table 3. The coefficients for this equation are
given in Table 2. Since the first superheated-vapor equation is slightly more accurate, use of the second
equation is recommended only when the compressibility factor of a material with a negative value of x is
desired. A prior four-parameter correlation of saturated polar vapor and saturated polar liquid densities (20)
treated each phase individually through separate expressions. The single equation developed here
representing both saturated vapor and liquid compressibility factors is of advantage when self-consistent
vapor and liquid properties are needed.

An important feature of the structure of the equations resulting from adopting the form of Equation 14
is the manner in which the equations simplify themselves as a material approaches simple fluid behavior
from the direction of polar behavior. For polar materials the equations contain 39 terms. If the material is
nonpolar, the polar terms vanish and the equations contain 26 terms. If the material is a single fluid, the
acentric factor terms vanish and the equations contain 13 terms. Thus, the utility of the equations has been
increased by selecting third and fourth parameters whose values become zero when the behavior
characterized by that particular parameter is absent.

The four-parameter correlational approach developed in this investigation has the potential of being
applicable to other polar materials. For water, and for highly associated alcohols such as the propanols and
butanols, the cross product terms in (ω x), which in the present study were negligible, will probably have to
be added to the correlation to account for high association effects. However, until experimental data for
wide ranges of conditions are available for fluids having large polar molecules, such as the alcohols, their
behavior can be estimated using the present equations with significantly higher deviations to be expected.
Since several of the values of x for the alcohols are negative, this will necessitate using the alternative
parameters ω' and x' to correlate compressibility factors of
these materials.

CONCLUSIONS
The investigation presented here shows that when Pitzer's

acentric factor is used as the third parameter in corresponding
states correlations, Stiel's polar factor is a logical choice for
the fourth parameter when polar fluids are to be included.
With these choices for the third and fourth characterization
parameters, a generalized reduced virial equation has been
developed. This equation reduces to the virial equation for
nonpolar fluids when the polar factor is zero and reduces to the
virial equation for simple fluids when both the polar factor and
acentric factor are zero. This generalized virial equation has
been used to describe the compressibility factors of sixteen
fluids including noble gases, normal fluids, and polar fluids.
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