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From application of a streamflow simulation method to the Elkhorn River,
it is concluded that long sequences of monthly flows can be simulated for a stream
when basic streamflow records are available. Frequency statistics representing character-
istics of the natural monthly flows can be preserved in the synthetic flows. Synthesized
flows generated for the Elkhorn River at Waterloo, Nebraska meet rcasonable statis-
tical criteria and can be used in future hydrologic studies for this basin. Mathematical
models for generating monthly runoff are usable only when sufficient records are
available to establish  characteristics of the strcamflow. The model cannot improve
faulty or biased records and no mathematical ncthod can replace a reliable long

term record.

Simulation as a technique for analyzing
the behavior of physical systems has a long
history, but only in recent years has its use
hecome widespread as a tool for problem-
solving. Its development is directly associ-
ated with advances in electronic computers,
and the development of operations research
and systems analysis.

Simulation is a process which duplicates
the cssence of a system or activity without
actually attaining reality itself. This defini-
tion encompasses analog and digital simula-
tions, physical devices, training machines,
defense system  modcls, water resourccs,
transportation systems and economic studies.

The design of water resources projects is
based primarily on hydrologic and economic
data. Strcamflow records are a major tvpe
of hvdrologic data. Surface streamflow data
have two major uses. The first is to provide
general regional information. This data rep-
resents “natural” conditions and may be
used in combination with similar data at
other sites to gain a regional description of
the strcamflow of an area. The second major
use is for project operation and design pur-
poses.

Inadequate streamflow records nearly
always impair the precision of design in
river-basin development. The available hy-
drologic record may lack a critical sequence
of vears of low or high runoff, and the most
severe drought or flood in a short record
may not be representative of the statistical
population. Design for reservoir projects that
are based on a sequence of flows which are
not representative of the true potential of
a given drainage basin can only result in

inefficiencies. A reservoir will be over-de-
signed if the water supply is less than the
short term rccords shows, and the developer,
cither private or public, will pay for storage
capacity that will not be uscd. Converscly,
a reservoir will be designed with inadequate
capacity to contain thc available flow if
the water supply is greater than the short
term record shows; consequently, some of
the potential bencfits from the reservoir may
not be realized.

SIMULATION TECHNIQUES

Early streamflow simulation tcchnigues
usually employed a serics of cards. Aunual
runoff volumes were rccorded on cards, onc
valuc per card, and then the cards were
shuffled like a deck of playing cards. Cards
were drawn from the deck onc at a time
until all had been drawn. The valuc of
each card was recorded as it was drawn and
this array of values was assumed to be a
new series of annual volumes.

Next a table of random numbers was used
to synthesize a long record of annual flows
having the samc mean and standard devi-
ation as the original record and assuming a
normal distribution. Although an improve-
ment over the method using cards, it neg-
lects any serial correlation that mav exist
between annual flows.

Thomas and Fiering (1) were the first
to develop a mathematical model for se-
quential generation of nonhistoric stream-
flows. Their model treats the flow in any
period as a linear function of the flow in
the preceding period. The inclusion of the
serial correlation makes the method appli-
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cable to annual flows, monthly flows, or
flows of even shorter duration that are
serially correlated. The synthetic series is
generated to preserve all the characteristics
of the original serics.

The Army Corps of Engincers Hydrologic
Engincering Center uses a second order
Markov chain for synthesizing monthly
strccamflows. A first order Markov chain
exists when the probability law that governs
the future development of a process depends
only on the current state and not on the
prior evolution of the processes. When the
probability law depends on the current state
and the immediately preceding state, it is
called a second order Markov chain. In the
Corps’ method, monthly flow logarithms arc
generated as normal standard deviates. The
deviates arc then converted to the logarithm
of a specific monthly flow.

Additional work has been done in an
attempt to synthesize rainfall data. Higher
order Markov chains have been used for
deriving hourly rainfalls, but rainfall syn-
thesis is considered an unnccessary inter-
mediate step because in most cases stream-
flow can be gencrated directly from stream-
gaging records.

STREAMFLOW SIMULATION MODELS

A mathematical model is the basis for
the derivation of all modern simulation tech-
niques. It is necessary to understand the
basic variables of strcamflow before a model
can be developed for a given drainage basin.
Studics of existing runoff records show that
flow scquences have two components: a
persistence component and a random com-
ponent,

“Persistence” means that an cffect con-
tinues after its cause is removed. Here it
refers to the tendency for large runoff events
to follow large runoff cvents and for small
runoff cvents to follow small runoff events.
The streamflow in any month is dependent
on the strcamflow in the preceding month
in two ways. Precipitation may occur so
that the resulting outflow from a watershed
occurs over a period of two or more months,
and the precipitation in a prior month may
have filled the soil moisture reservoir so

that the runoff would be higher this month
than it would otherwise have been.

There is additional variance in streamflow
from onc month to the next that is not
cxplained by persistence. This unexplained
variance occurs at random and can be re-
ferred to as the random component of
streamflow. A mathcmatical model of a
drainage basin must include factors that
account for both the persistence and random
naturc of flows.

Thomas and Fiering (1) developed a re-
cursion equation for monthly time intervals
in a bivariate model. The equation is:

Fq. 1
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where
Q; = the discharge during the i month record
from the start of the synthetic sequence.
Q;41 = the discharge during the (i+1) month.
Q. = the mecan monthly discharge during the j
J month with a repetitive cycle of 12

months.

5_,',,1 = the mean monthly discharge during the
(j+!1) month.

= the regression coefficient for estimating

J the flow in the (j+1) month from the |
month.

'3 = a normal random deviate with zero mean
and unit variance.

SJ+1 = the standard dcviation of flows in the
(j+1) month.

F5 = the correlation cocfficicnt between the
flows of the j and (j+1) month.

This is a linear regression model where

flow in any month is a linear function of
flow in the preceding month. The sequence
of flows obtained from this recursion equa-
tion possesses the same general statistical
propertics as thosc representing natural
streamflows. Variation in sign and magni-
tude of the random component makes for
a continuous, unbounded. and serially cor-
related scquence of generated data.

The Army Corps of Engincers Hydrologic
Engincering Center developed the follow-
ing recursion equation:



Eq. 2
K = B.K + B K +K(1—R2)%
i i7i-2 27i-1 r
where
K = the logarithm of the monthly flow, ex-
pressed as a normal standard deviate.
B = beta coefficients.
. = a random number from a normal popula-
tion with zero mean and unit variance.
R = the multiple correlation coefficient.

The subscripts i, i, and i-2 represent
current and antecedent months.

The logarithms of synthesized monthly
flows are expressed as deviates, and then arc
converted to flows for specific months by
the following equation:

X =MN+K;S Eq. 3

where

X = the logarithm of the monthly flow for
month i.

M = the mean of the logarithms of the flows
in the sample.

K; = the logarithm of the monthly flow, ex-
ressed as a normal standard deviate that
15 determined from equation 2.

S = the logarithmic standard deviation of the

sample.

The computed flow for the given month
is obtained by taking the anti-logarithm of
X. This transformation alters the correla-
tion characteristics slightly, because of the
change from linearity to non-linearity, but
this change is considered to be insignificant.
The statistical properties of the natural
;treamﬂows are preserved in the synthesized

ata.

A third mathematical model (2) uses a
second order Markov chain of logarithmic
transforms of data. This model is similar to
the Thomas-Fiering model, with two excep-
tions, viz., two antecedent months are used
as independent variables and a logarithmic
transform is utilized. The general recursion
equation developed is:

Eq. 4
Q =A4BQ _,+80q +T5 (rh}
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where
Q = thc logarithm of the computed monthiv
flows
A = a regression constant
B = regression cocfficients of the antecedent
monthly flows
T = a normal random deviate with zcro mean
and unit variance
S = the logarithmic standard deviation of the
sample
R = the multiple corelation cacfficient.

The subscripts i, i-l and i-2 represent the
current and antccedent months.

Equations of this general form arc de-
veloped and a solution of monthly flow
computed for each month of the vecar. A
computer sub-routine program will gencrate
four digit random numbers whose magni-
tude lies between zcro and one. These
random numbers, which come from a rec-
tangular distribution, arc converted to
normal random deviates by a transformation
equation.

AN APPLICATION OF A STREAMFLOW
SIMULATION MODEL

The above simulation model was applied
to data for the Elkhorn River at Waterloo,
Ncbraska. This U. S. Geological Survey
stream gaging station has complcte flow
data for the period from October, 1928
through September, 1968.

The Elkhorn River is a major tributary
of the Platte River. The drainage arca of
about 5,000 square miles is upstrcam from
Waterloo; it is approximately 190 miles long
and 60 miles wide at its point of maximum
width. The topography varies from sand
hills to rolling farm land.

Runoff characteristics vary widely through-
out the basin. Runoff in the sand hills region
is characterized by slow peaking times and
relatively low peak discharges. The down-
stream tributaries are characterized by flash
runoff which generally occurs a few hours
after a runoff-producing rainfall. Rainfall of
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sufficient magnitude to cause runoff from
the entire basin would be a rare event.
About 30% of the peak annual discharges
recorded at the Waterloo gaging station
occur as a result of snowmelt.

Three regression studies of existing
monthly streamflow data were made. The
first consisted of computing serial correla-
tions for cach month, using the previous
monthly flow as an independent variable.
The second study consisted of computing
serial corrclations for cach month using the
logarithmic transforms of the antecedent
monthly flow as the independent variablcs.
The third regression study consisted of a
correlation of the logarithmic transforms of
the monthly data using two antecedent
months as independent variables. The corre-
lation and skew cocfficients that were com-
puted for cach month and for each condi-
tion studicd are shown in Tablc 1.

The cocefficients of serial correlation for
the Elkhorn data arc higher when they are
computed from logarithmic transforms of
the data than from the natural data. When
the second antccedent monthly flow is in-
cluded as a variable in the equations, the
avcrage  corrclation  cocfficient  increases
slightly, from 0.683 to 0.709.

The cocfficient of skew computed from a
normal distribution is zero. As shown in
Table 1, the avcrage monthly skew cocffi-
cicnts computed from the natural and log-
arithmic transformed data arc 2.18 and 0.36,
respectively. Thus, the transformed  data
morc ncarly conform to a normal distri-
bution than do the natural data.

The constants, regression cocfficients,
standard deviations, and correlation cocffi-
cients which were computed for cach month
of the vear are presented in Table 2.

GENERATION OF DATA

Synthetic monthly streamflows were com-
puted for the Elkhom River using an RCA
301 electronic digital computer. Equations
which were derived for cach month were
stored on tape. These cquations, together
with the gencrated normal random deviates,
were used for computing the synthetic
flows. The procedure proceeds as follows:
the January flow in synthetic year i is

generated from the January equation using
the synthesized flow for November and
December of the i1 year as independent
variables. This procedure was continued se-
quentially from month to month and year
to year until 400 years of record had been
generated.

Since it is necessary to use averagc values
of the antecedent flows to start the simula-
tion procedurc in vear one, the first few
generated monthly flows will not necessarily
occur at random. The first five years were
arbitrarily discarded to insure that the im-
portant statistical properties were retained.

TESTING THE SYNTHESIZED DATA

It is neccssary to test the gencrated data
to insurc that the method has preserved the
natural streamflow characteristics. Synthetic
yecars 6 through 385 were divided into ten
consecutive segments of record of the same
length as the natural streamflow record. The
mean, standard deviation, and coefficient of
skew were computed for cach month of the
ten segments of synthetic record. The co-
cfficicnts of serial corrclation and the gen-
crated normal random deviates were also
examined.

The means computed from both the
monthly and annual segments of synthesized
data were in close agrcement with those
computed from the record. Standard devia-
tions computed from the monthly svnthe-
sized data were similar to thosc computed
from the record, but some variability in
natural annual flows was lost in the simula-
tion computations. Cocfficients of skew
computed from the natural monthly flow
data were inconsistent; however, the aver-
age value was slightly positive. Simulated
flows have a slight tending toward negative
skewness. Thesc values refer to the serial
correlation cocfficients of the natural and
svnthetic flows. The computed mean and
standard deviation of the random dcviates
were ~0.010 and 0.997, respectively, which
proved that these deviates came from a
nonmal distribution.

USE OF SYNTHETIC FLOWS IN THE
DESIGN PROCESS

Flows generated for the Elkhom River
were used to demonstrate how a change in
design could result from the application of



svnthetic flows in project planning. Esti-
mates of storage requirements for a reservoir
on the Elkhorn River at Waterloo were
made, using the natural streamflow record,
and using the generated strcamflow record.
Maximum drought periods during the
natural and svnthetic records occurred from
calendar vears 1938 through 1940 and from
synthetic vears 80 through 82, respectively.
Cumulative runoff volumcs for these periods
were plotted by the mass-diagram method.

The storage capacity required to maintain
an assumed flow of 400 cfs downstrcam from
an Elkhorn River reservoir would be 101,000
acre feet if the drought from the natural
record was used as the design criteria. If the
most severe drought from the synthetic
rccord was used as the design criteria,
143,000 acre feet of storage capacity would
be required to maintain a flow of 400 cfs
downstrcam.

TasLe 1. Correlation and skew coefficients computed from monthly streamflow data.

Serial Correlation

Natural Dota
Correlation Skew
Month Coefficient Coefficient
Jan 0.845 1.58
Feb 0.719 2.51
Mar 0.255 2.16
Arr 0.523 3.41
May 0.680 1.28
Jun 0.387 2.16
Jul 0.455 143
Aug 0.704 2.79
Sept 0.635 293
Oct 0.895 293
Nov 0.873 2,03
Dec 0.874 0.93
Average R
Value 0.654 2.18
TasLe 2.
kov chain).
et &l
Manth A T
Jan 0.854 0.288
Feb —0.706 —0.358
Mar 0.191 1.073
Apr 1.291 0.113
May 0.897 —0.083
Jun 1.832 0.191
Jul 1.697 0.232
Aug 0.937 0.050
Sept 1.841 0.240
Oct 1.265 0.103
Nov 1.646 —-0.121
Dec 0.609 —0.102
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Second Order
Markov Chain

Log Transform

Serial Correlation
Logarithmic Transform

Correlation Correlation

Skew

Coaefficient Coefficient
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Regression Stondard Correlation
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B2 S R
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