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The Near Field of a Horizontal Finite Electric Dipole at

the Surface of an Anisotropic Earth
M. M1RBAGBEBr, F. C. TODD· aDd S. B. WABD1

Oklahoma State Unlvenlty, Stillwater
An analytical study is in progress to determine the optimum method

to employ electrodynamic tlelds for ascertaining the geological teatures
which are under the surface of the earth. ThIs paper presents the ana­
lytically predicted fields at the surface ot the earth which result trom
power input to a finite electric dipole at the surface of an anisotropic
earth. The solution in this paper is only one ot nearly a dozen that were
obtained to Investigate ditterent techniques for applying electric and
magnetic fields to an earth Ca) with homogeneous layers, or (b) with
anlaotroplc conductivity. In this problem, an electric potential is applied
to two electrode" with a separation of 100 m (a dipole of finite length) at
the surface ot the earth. The electrical resistivity of the earth is assumed
to be anisotropic with a horizontal resistivity of 50 ohm-meters and a ver­
tical resistlviy ot tSOOO ohm-meters. A detector measures the electrody­
namic fields on the surface at various distances from one electrode of the
lOurce, as Is Indicated in FIJrore lAo The receiving stations are not on
a straight line. but are included in an angular wed~e between 30 and 45
degrees wlth the axis of the dipole, i.e., the line through the two elec­
trodes. The receiver measures the magnetic and the electric tlelds in the
direction x, which Is parallel to the axis of the dipole, and in the direction
y, which 11 perpendicular to the axis.

With the aid ot a la~e digital computer, the solution tor a tlntte
length of dipole may be obtained from the solution for an infinitesimal
dipole. A series of Infinitesimal dipoles is extended along a straight line
with the charge at one end ot each dipOle SUPerimposed on the opposite
cha~e of the preceding infinitesimal dipole. This technique is illustrated
in Ft~re lB. The process may be continued to obtain any desired finite
letlJtth ot dipole. This paper is concerned with finding the fields tor an
inf1n1tesimal dipole. There are numerous. approximate solutions tor the
problem ot Infinitesimal dipoles at the surface ot an isotropic earth (Wait.
1963; Rlkitake, 1966). In this paper, an exact solution (to the extent
that an integral may be evaluated) is obtained tor an inflnttesimal dipole
at the surface of an anisotropic earth. The anisotropic solution reduces
easily to the solution tor an Isotropic earth.

INITIAL AND BoUNDARY CONDITIONS

The solution for the ma~etlc field vector, H, and the electric field
vector, H, that are established by an infinitesimal dipole may be evaluated
in tenns of the Sommerfeld and the Fok integrals. In order to reduce the
complexity of these IntegTals, the initial and boundary conditions may be
defined to simplify the solution without overly restricting its generality.
'nle simputlcatlon is obtained by restricting the frequency range from a
low ot roughly 10 sec/cycle to a high of perhaps 100 to 1000 cycles/sec.
The frequency affects the depth of penetration of the conduction current
Into the earth by the familiar skin effect. With these frequencies, finite
electric dipoles are very short when compared to the wavelength, such as
100 to about 10' meters, or longer. With this ratio, potential theory applies
to the practical problem.

I'or a sinuaoldal input to the dipole, Maxwell's equations may be re­
placed by their Fourier transforms which Include the harmonic depend-
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A. INFINlTES IMAL SOURCE OF DIPOLE

1

B# rINITE SOOICE FOR ELICftIC DIPOLE
(Two Electrode. are 100 Meter. Apart)

Figure 1. The surface arrangement of an lntinlte8fmal and a tfnfte dipole
with respect to the receiver.

ency, .~t. The tenn foJ Is equal to k/,. where I .. the frequency. A non­
sinusoidal pulse of current to the dipole win require the HVeral frequency
components which are found from a Fourier Hr1e8 recoutructIon of the
Pulse.

The highest frequency Is 80 smaU that dl8placement currents (capacI­
tive currents) may be neglected in compal18on to the conduction current&.
Although some rocb may have appreciable permeability, It may be cIoIely
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approximated by the permeablllty of tree space. In potential theory, the
two preceding statement. are equivalent to stating that the permeability,
II- and the permittivity, '" of free space may be used.

Ground currents are Induced In the earth from the occurrence of
lon1zation In the upper atmosphere and from motion of this Ionized region.
Random ground currents, with various directions and frequencies, are
called magneto-telluric currents. Their effect may be elimlnated from
the measurements. A detector Is employed that measures the fields at
the input frequency of the power to the finite length of dipole and then
average. the reading over several cycles.

The boundary conditions assume a semi-infinite earth with a flat sur­
face in the xy-plane which is at z = O. For negative values of z, the air
18 uswned to be nonconducting and to have no effect on the solution for
the earth. For positive values of z, the earth is assumed to have aniso­
troptc conductivity. The components of the conductivity tensor are de­
fined by the following relations.

al~ • 0 when i ~Oj

Tha dettnttton ltatel that the traverse conductivity, crt> is different from
the conductivity normal to the surface of the earth, a•• The usual sedimen­
tary depoelt has been observed to have at < a.

FoRM OF THE SOLUTION

The Fourier transforms of the Maxwell equations may be written in
the form (Jackson, 1982)

d1v Bw • 0; cur1 Ew + Ww • 0

( 1)

'a 18 the conductivity tensor.

The displacement current 18 omitted from the equation for curl B since
such current is 88BUmed to be negligible. The relations between the fields,
the potential vector, and the scalar potential, ¢J, are

).. curl A

V. sd + V~. 0

i i8 the magnetic vector potential.

(2)

(3)

Comb1nlng Equations (1). (2), the 1n1t1al boundary conditions and the
reatr1ctions on the conductivity tensor yields the differential equations for
the components of A In the following fonn:

VIA. • 14la,Ax • 0

£!J. £!J. 0 6
8
A ( 0 ) 6

8
A..,

~ + &-1' +~~ • 1AD~a. Aa + 1·~ 6iii'0. 0
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A solution is to be obtained for the differential Equations 3 with appro­
priate boundary conditions. For this particular problem, it is convenient
to obtain the solution as a function of cylindrical coordinates (r, I, ~).
The most general solution for Equations (3) was given by Van'yan (1963).

<Xl

(4)

in which the functions F (Z, hL G (Z, h) and Bessel functions, Jo, are to
be evaluated by the use of the following boundary conditions. These
boundary conditions follow from the requirement that the tangential com­
ponents of E and H be continuous across the air-earth interface.

H = H
Xo .xl

Hyo ... HY1

Exo .E~

Eyo • E YI (5)

where the subscripts 0 and 1 represent air and earth, respectively. These
relations are to be interpreted as illustrated by writing the first relation
in words. The component of the magnetic field, H .. in the earth at the
air-earth interface is equal to the component, H XI in the air at the sa~e

interface. . ' Jf
The two functions F and G may be evaluated trom Equations 3 and

4 by applying the boundary conditions from Equation 5. The final form
of these functions is given by the following relations

21 -2 ,t.,2+k:?
F, (Z,}) = ~e'

- . \ + I \~+k'

if)

The following functions are to be employed and are defined by thue
relations. Sommerfeld's integral (Sommerfeld, 1949) has the torm

"CD ~ -kR
p =! J O.r) -'-'- e- Z . \ +k ':'\.. _e_

.'o:l /\~+k::J R

The Fok integral may be defined in terms of the modified Deuel func­
tions, Ie and Ko. by the fonowing relation

[ ~ (R-Z>] . K [~(Jl-z)i2 0 _ 2 _I
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In the preceding relation, the modified Bessel functions are defined for
any value of the coordinate z, which is the coordinate that measures the
depth In the earth. Introduce another relation

p':

where .R = (x' + y' + ZS)~, r = (Xl + y') ~ and r' == [(x' + y') O'a/O'tl~.
These functions and the functions from Equation 6 are substituted into the
differential relation, Equation 3. The following general relations tor the
components of the electric and magnetic fields ot the infinitesimal dipole
are obtained. They are applicable tor any position In the earth.

11 (A a~ ~)S. • • 2TfkI' 6yt>a • k 6y6z + 6y6z

(8)

(9)

(10)

(11)

The' numerical values, wblch may be easily measured In a program
of geophysical prospecting, are the values of the above listed components
at the surface of the earth. These components may be evaluated at the
aurface by setting 21 = 0 in all of the preceding general equations. This
al80 requtres the subBtitution of r fot R. At the surface. the preceding
equations ar, found to have the following form.
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_(~ _~. ~ _"':' ) .-kr~ ]}

~
Ey = ;~;'~5 {I + [I~+~) e -kr cr, -II +tle-krJ}

H = _.lLU2
{ e-kr

(I + kr) - 2h e-
kr

'{ k +-!r)}
X 2 '7I"r2 r 3 <1't (rl)2 r

+ 21:". {X y[ ~rrloK, - I,KJ -~ K,J}

(12)

(IS)

(16)

In the preceding equations, the functions 100 Ko, 11 and KI are the moditied
Bessel functions of the first and second kind and the first order. In these
equations for z = 0, the argument of the modified Bessel functions is kr/2.

'41
From these equations for infinitesimal dipoles, computer solutions were

obtained for dipoles of finite length by the superposition of the oppot!ite
charges of the infinitesimal dipoles in the method that was mentioned in
the introduction to this paper. For a finite length of dipole, the value. of
the fields for H~ and B~ are presented by the curves in Figures 2 and 3,
respectivelv. The curves are for a finite dipole of 100 m length and of
unit moment.

REsuLTS AND CONCLUSIONS

The exact equations for an infln1tesimal dipole that are given in the
text were combined by use ot a computer, as described in the introdUC­
tion, to obtain the fields for dipoles with flnite length and unit moment.
The accompanying curves present the results for two fields, Hs and Bs ,
which are two of the five fields for which equationa are given in the text.
Since the accompanying results are tor only one of the alm08t 12 101utloJUI
for different applications of the tteld- and for ditterent earth character18--

In equation (12). the Dumber ID th. fint parenthea.. ahoald be 2 IDatead of S.
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HORIZONTAL ELECTRIC DIPOLE Of 100 METERS LENGTH ON ANISOTROPIC EARTH
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COMPARISON OF THE Ex FiElD FOR ISOTROPIC AND ANISOTROPIC EARTH
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tfca, theA re8Ulta are to be interpreted only in broad terms. Deta11ed dif­
t~ may be claritfed by the other 8Olutions.

The quaUtative variation of the magnetic component of the field, B n
parallel to the axis of the dipole is not unusual. The intensity of the field
at variou. eu.tances from the dipole is shown in Figure 2 as a function
at the d18tance and the logarithm of the frequency. The frequency range
.. 0.1 to 100 cycles/eec. This component of the magnetic field decreases
exponentially with the d1Btance and with the frequency, as would be ex­
pected. The decrease of the field with frequency corresponds with a
decrease of the total current outside of the symmetrical region that is
defined by the position of the receiver.

The quantitative variation of the electric gradient in the direction of
the ax1a ot the dipole is compared for a finite dipole in an isotropic earth
(C5000 ohm-meters in every direction) and a finite dipole in an anisotropic
earth (60 ohm-meters transverse and 5000 ohm-meters normal to the sur­
face) . Two factors produce the major effect in the results, the anisotropic
resl8t1vity and the interaction of the magnetic fields with the current.
Thl8 interaction is familiar under different conditions as the skin effect

. and the pinch effect. The fields decay with distance from the dipole as
expected. For the isotropic earth, the field is almost constant at the
lower frequencies. Although the total current outside of the receiver Is
decreasing, the remaining current is forced inward toward the axis of the
dipole and upward to the surface of the earth as the frequency increases.
The rl8e in the gradient at higher frequencies is a short ascendency of
the skin effect in forcing the current to the surface and the signal will
again decrease at still higher frequencies. The dip in the field for the
anlaotroplc earth i8 a consequence of the smaller fraction of the current
that penetrates the earth.
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