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THE HISTORICAL DEVELOPMENT OF TOTAL DIFFEREN..
TIAL AS THE PRINCIPAL PART OF THE INCREMENT

OF A FUNCTION OF SEVERAL VARIABLES·

NICHOLAS JL OBOUKHOFF, Stillwater

G. W. Lribnu. It Is recognized that already in the seventeenth century
the differential calculus had developed to such an extent that, according
to Moritz cantor, Its only principal deficiency was a unified language and
symbollsm. However, Its crystal11zatlon Into a connected and effective
system was, In the first place, accompllshed by Lelbniz in quite an indepen
dent and original manner which became a standard form for years to come.

There Is no doubt that Newton possessed an analogous solution, per
haps somewhat earlier than Lelbnlz obtained his own: yet the fundamental
term "Fluxion" advanced by Newton was, for the first time, made public
in 1687-ln his "Principia . . .", whereas its notation became generally
known through a publication by Wall1s only In 1693 and the method Itself
In Newton's "Quadratures of Curves" in 1704.

Earller than these dates Leibnlz had pUblished his articles: "A New
Method for Maxima and Minima ..." In May and October, 1684 and "On
the Abstruse Geometry" in June 1686, In "Acta Erudltorum". Thus the
year 1684 became a landmark In the history of mathematics.

In the articles published that year Leibniz established both appropriate
mathematical vocabulary and effective symbolism accompanied by immediate
applications in the form of very useful and still usable operational rules
called by him algorithms of Differential Calculus, further development of
the theory of maxima and minima, and extension of differential equations
to transcendental lines, etc. Also he generalized quadratures into the Inverse
methods of tangents, that is, Into Integral Calculus, asserting that "sums
and differences or f and tJ are reciprocals", In his article "On Abstruse
Geometry ..." and even much earller In his manuscript of July, 1676 under
the title "Inverse Methods of Tangents ..."

All this Is now recognized as the original and most fruitful major
contribution to an unprecedented development of analysis during the
eighteenth and nineteenth centuries. Leibniz, according to M. Cantor, had
visions of this great future; he had, from the very beginning, recognized
the significance of mathematical form while his rivals did not see or did
not want to see it.

Likewise, W. W. Rouse Ball tells us that the fact that all re8ulte of
modern mathematics are expressed In language invented by Leibniz has
proved the best monument of his work. This coincidence of the conclusions
of the two historians of mathemattcar whose attitudes toward Leibniz other
wise are somewhat different contributes to the Impreeefon of rellabtllt7'
and objectivity of their judgment.

Yet there Is more than formaltam (language and symbolllDl) in the
differential calculus of Lelbntz, that has Irrevocably been a8simitated bJ'
mathematics: this Is hts basic concept of the differential, In particular,
and tnflnlteelmal8, In general, on which his system has been built.



1U PROCDDINGS OF THE OKLAHOMA

011 ciON aamlDatlon It baa been found that:

1. What LelbDls eaUa "cUfference" In analy'" la actually "dIUerentlal"
III the ...... of 1M J)rltldpcal JJ(Jrl of CI" «tICr'nlftt of CI f.JlCtfoft; for lD8taDee,
.. laW letter to Wallla on March ao, 1899; aleo hll articles of the yean
1184 aDd 18SS.

J. He II far from considering quantities Infinitely lIIlall as tending to
.ro aDd becoming zero in the limit; he dlllSOClates them from the doctrine
of limit in this eenee; eee same letter and same articles.

8. He -78 in hil Bel"" to Nf.e1ItDeftUJt: "By Infinitely great and by
IAftnltel7 lmall, we understand something Indefinitely great or something
lDdefinltely Imall, so that eClC1& COtldKCU fuelf cu CI ,ort 01 clcu" ClM fIOt_en'" (II the ltJIt t1&(nl1 01 CI clCI8,." (Italicized by the writer).

We can clearly see here the elements of neoclaaaical doctrine of In
flnltelimall luch as tlClNbfUt" ("fndel'"Uel" small") and ,et ("sort ot
c1.....). Llkewlle It II evident from his "Reply ...••" that Leibnlz was
awake to the importance of the concept of COtlt«".um. for foundations ot
anaIYII.. Thla vision did not deceive him.

f. "When we speak of Infinitely great . • . or of Infinitely 1IIl&11 Cl1l&D
tltlu .•• we mean quantities that are Indefinitely great or Indefinitely
amall, t. e. as great as you please or as emall as you please '0 that the error
tACIt aft" Ofte mel" 01"111' ma" be Ie" than a certain assigned qtulnttt,."
(Italicised by the writer). Bame source: ..Reply "

Thil manner of approach from a standpoint of assigned approximation.
will, more than two centuries later, be resumed and elaborated upon by
Whitehead in "An Introduction to Mathematics." Referring to Weierstrasl
he interprets a derivative as a standard or goal of such approximations.

5. The uee of dll for designation of a derivative was, with Lelbnls,
~

not only an Improvement over Newton's fluxional notation ("dotlsm"), but
Ita alplflcance proved also to be operational, for It lormaU, replaced the
limit proceu by the elementary operation of division; It had tremendoul
repercussion on Calc.lu (II ,.ch, bringing about an Important simplification
of ita technique. to mention only, as an example, the setting up of differ·
otlal equations. It was a real 'arlthmetlzatlon" of calculus from the
operaUonal point of view. Now and then Lelbniz interprets dll In terms of

~
a limit, which la the eTidenee of hla mathematical broadmlndedneB8.

S. Lelbnla admits that the doctrine of . . . "Infinite extensions suee
alYely IJ'8&ter and greater or Infinitely lJDlall onea successively 1.. and
1....." may be "••• open to Question •••"; yet he continues: " •.. "
tDW k nlf(cWtlt ri",p'" to .cake ue 01 them (II CI tool tACIt 1141 OOtJCIfttCltlu
tor tAe l"If'POIe of tM OCJlCt&lCItfotl. •• For tAefl eotIfaf" CI hClM., "'eel'" forrecUtt'" U cot' .caft«lutl" k verified .ft etJerfI COle «" CI ngorou Mel""'"a. tAe MdACNI CIlnJGCI. dClte. (lta1lcbed by the writer). See "Reply..__"

TIme baa broqht full jutlfteatlon ot these auertlons and JloP8I
eatertalDecl by Lelbnls. Therefore his doctrine can not be all wronc; eel'
talD17 there la In It coulderab17 more truth than ~lac7 In. spite of lIODle
ot.curlt7 aDd blur of Ita characterl8tlcs.

rAe ""AleatA 0.""'. TIle ftm balt of the eighteenth eent1U'Y ah01f·
ed 4ete1'loratlon of the foundations of calculul In the haDcla of toU~
... or Newton aDd of LelbDls. In puallDa contrast to an 1rreaI8Ubie Impetlll
of Ita II'OwtJl aDd deYelopm8llt of appUation. A balance .... ~toncl W



ACADEMY OF 8CDDNCB "OR 1840 us

LqraIlge when the eighteenth centul7 bad ended; the foundatloJ18 of
calculus were braced by him In a kind of 87Dthesls of the two major d~
trines: those of Lelbnls and of Newton.

In the preface to the ,ecOft4 edition of hll Analytical Mechanlea luued
fu 1811 Lagrange I&YI: "When we have grasped the Iplrlt of lnflnltellmal
method and have verified the exactDesa of Ita results either by geometrical
method of prime and ultimate ratios. or by the analytical method of derived
tunctlona, we may employ Infinitely amall quantities as a lure and Taluable
means of shortening and simplifying our proofs." (Quoted In W. W. Roule
Ball's "A Short Account of The HJstory of Mathematics").

It has been seen that Lelbnll was at times Inclined to a similar 8YIlthesls.

The Nineteenth Cent.",. A. L. Cauchy added much rigor to the treat
ment of both derivatives and differentials. Following In the footlteps of
Lelbnlz and Lagrange Cauchy showed how total differential could be deter
mined and found (ntkpewdenUv of tkrCooUt1e. as the principal part ot the
Increment of a function, although he did not use this term. K. WrierBtma,
(ntroduced It. For the modern doctrine of Analysis we are mainly Indebted
to him and Cantor as well a8 to Dedeklnd and Jordan.

Yet looking backwards we can clearly discern the great, although blurred
outlines of modern calculus in the characteristics of Lelbnlz's doctrine as
analyzed and put forth In the first article of this paper.

In the hands of Lelbnlz analysis became a particular form ot calculus
In tull agreement with his earlter far reacMng attempts to establish symboUc
rules of operation for thought processes. Lelbnlz as logician and mathe
matician promoted one and the same form ot structure: that of calculus
both in logic and In analysis.
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