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Abstract:  This paper discusses the relativistic Schrödinger differential wave equation for the hydro-
gen atom and hydrogen-like cations, which have measured ionization energies from hydrogen to the 
Cu28+ hydrogen-like cation.  The analytical solution to the relativistic Schrödinger differential wave 
equation correlates with experimental data if the angular momentum quantum number l >0.  For 
quantum levels with l = 0 , the analytical solutions predict ionization energy values larger than that 
measured for the hydrogen atom and hydrogen-like cations.  Also, beyond the element erbium, Z > 
68 for l=0 quantum states, the analytical solution yields energy values that are complex numbers.  
This is similar for the Dirac relativistic differential wave equation which fails for nuclei that have an 
atomic number larger than 137.  Using measured 1s ionization energy values of hydrogen-like cations, 
a numerical solution to the relativistic Schrödinger differential wave equation is possible since an 
analytical one is not when the measured ionization energy is different from the analytical result.  In ad-
dition, since the analytical solutions to the radial part of the relativistic Schrödinger differential wave 
equation are complicated, normalized numerical solutions are less difficult to obtain using Microsoft 
Excel.  Most differential equations do not have analytical solutions, and, therefore, only numerical 
solutions are possible utilizing boundary or initial conditions.

Classical Schrödinger Differential Wave Equation and Wave-Particle Duality in Quantum      
Mechanics

 The authors are a nuclear chemist and a plant physiologist, interested in the chemical phys-
ics of our natural world, with previous publications in this journal about similar topics (McNeill and 
Bidlack, 2018; McNeill et al., 2021).  This paper focuses on the subtle effects of the Special Theory 
of Relativity (Einstein, 1905a; 1905b; 1905c; 1905d) upon atomic structure.  As such, the larger the 
atomic number, Z, the greater the relativistic effect may be on how atoms exist.

The classical Hamiltonian for any particle in motion bound by a negative potential −𝑈, such 
as the negative gravitational potential between a planet orbiting the sun, has a constant mechanical 
energy value 𝐸𝑚 less than zero (Kleppner and Kolenkow, 2014). In classical Newtonian physics for a 
planet orbiting the sun, the total mechanical energy 𝐸𝑚  is the kinetic energy , where 𝑚𝑝 

is the rest mass of the moving planet in kilograms and 𝑣 is the speed or magnitude in units of meters 
per second of the planet’s velocity vector 𝐯 orbiting the sun, plus the energy value of the negative 
gravitational potential energy −𝑈. 
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            (1)

In Equation 1, the    is the squared magnitude of the planet’s momentum vector pp = mpv, Ms  is 
the rest mass of the sun in kilograms, r is the separation distance in meters from the center-of-mass of 
the planet to that of the sun, and G is the gravitational constant which can only be measured to four 
significant figures.

If the value of the mechanical energy 𝐸𝑚 is equal to or greater than zero (𝐸𝑚 ≥0), the planet is unbound 
and can escape from the negative potential of the sun’s gravitational force due to sufficient kinetic 
energy of motion.

For the electron in the hydrogen atom, or hydrogen-like cations that have only one electron 
and more than one proton in the atomic nucleus, the negative gravitational potential is replaced in 
Equation 1 by the negative Coulomb potential between the negatively charged electron and the posi-
tively charged atomic nucleus.

In the above equation, me is the measured mass of an electron at rest in kilograms

And 𝜀0 is the electrostatic permittivity of a vacuum which in MKS units is measured to be the numerical 
value shown below. 

Z is the atomic number or number of protons in the atomic nucleus, and q is the measured magnitude 
of charge for both the electron and proton expressed in units of the Coulomb.

In addition, r is the distance between the centers-of-mass of the electron and atomic nucleus in meters, 
analogous to the orbiting planet and sun in the gravitational potential.

In quantum mechanics, subatomic particles have wave-particle duality as photons of light 
(Tipler and Llewellyn, 2012).  The wavelength 𝜆, is directly proportional to the reciprocal of the 
magnitude p = mv of the momentum vector p = mv for any subatomic particle or a photon of light 
with Planck’s constant h as the measured proportionality constant (numerical value from Tipler and 

            (2)

            (3)

            (4)

            (5)

            (6)
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For the above equation, mass is in kilograms, speed in meters per second, and wavelength in meters. 
The time-independent wave function 𝜓 for a freely moving subatomic particle or a photon of light is 
the real part of the next equation. 

Therefore, the second derivative of the wave function yields the following equation for the vector dot 
product of the momentum vector p • p = p2 of such a moving particle displaying wave-particle duality.

Thus, using the expression 𝜓  for the wave function of an electron in a hydrogen atom or a 
hydrogen-like cation by the substitution of Equation 9 for the classical kinetic energy in Equation 3, 
one arrives at the classical Schrödinger differential wave equation for the single electron in a hydrogen 
atom or hydrogen-like cation.  

In addition, the electron motion is a three-dimensional wave encircling the atomic nucleus, resulting 
in taking the double derivative of the wave function 𝜓  with respect to each of the three rectangular 
coordinates x, y, and z.  In Equation 10, ∇2 is the following dot product of the vector operator 𝛁.

In the rectangular coordinate system with the center of the nucleus being at the origin, the magnitude 
for the distance between centers-of-mass of the electron and the atomic nucleus can be expressed as

It is necessary to transform the ∇2 operator into spherical-polar coordinates 𝑟, 𝜃, and 𝜙 to obtain 
an analytical solution. First, there is the position vector 𝐫, with a magnitude equal to the separation 
distance from the center-of-mass of the atomic nucleus to the electron’s center-of-mass, given in the 
next expression (Wangsness, 1986). 

Llewellyn, 2012).

            (7)

            (8)

            (9)

          (10)

          (11)

          (12)
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In Equation 13, 𝐫̂ is a unit vector like the orthonormal unit vectors 𝐱̂ , 𝐲̂ , and 𝐳̂ in rectangular coordinates. 
The angle between the 𝑧-axis and vector 𝐫 is the spherical-polar coordinate 𝜃. The angle between the 
projection of vector 𝐫 (𝑟sin𝜃) onto the 𝑥𝑦-plane, at 𝑧=0, and the 𝑥-axis is 𝜙 . 

      Using the chain rule in differential calculus, 𝛁𝜓 is the following expression.

Table I displays the partial derivatives of each of the three spherical-polar coordinates with respect 
to each of the three rectangular coordinates. In addition to unit vector 𝐫̂ , there are two additional unit 
vectors 𝛉̂  and 𝛟̂   in spherical-polar coordinates, and all three are likewise orthonormal as 𝐱̂ , 𝐲̂ , and 𝐳̂ in 
rectangular coordinates. 

Table I     Partial Derivatives of Spherical-Polar Coordinates with Respect to Rectangular Coordi-
nates

          (13)

          (14)

          (15)
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Using the chain rule with the partial derivatives displayed in Table I for Equation 14, 𝛁𝜓 is the next 
expression in spherical-polar coordinates, transformed from rectangular coordinate unit vectors into 
spherical-polar coordinate unit vectors, after collection of terms that have rectangular coordinate unit 
vectors comprising the spherical-polar coordinate unit vectors. 

The following vector dot product can then be used to transform Equation 11 from rectangular coordi-
nates to spherical-polar coordinates.

In Equation 17, it is important to note that unit vectors 𝐫̂ and 𝛉̂  are functions of 𝜃 and 𝜙 , as unit vector 
𝛟̂  is a function of 𝜙 when performing the dot product of 𝛁∙𝛁𝜓 (see Table II). It is necessary to take the 
partial derivatives of these three spherical polar coordinate unit vectors while conducting this vector 
dot product. After performing the vector dot-product in Equation 17 and algebraic rearrangement, one 
has ∇2𝜓 transformed into spherical polar coordinates.

 

Table II    Partial Derivatives in Equation 17 not Equal to Zero

The classical Schrödinger differential wave equation is appropriate when the electron in an atom never 
approaches the speed of light. However, for large nuclei, such as lead (Pb) with an atomic number 
of 82 or 82 protons, the electrons with the angular momentum quantum number 𝑙=0 approach the 
speed of light as they come into close contact with the nucleus. Theoretically, electrons that have 
angular momentum quantum number equal to zero, in classical physics, have linear oscillatory motion 
(Walker et al., 2014) and penetrate through the atomic nucleus twice during each oscillation. Thus, it 
is necessary to evaluate the relativistic Schrödinger differential wave equation for such large nuclei. 

          (16)

          (17)

          (18)
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Einstein’s Special Theory of Relativity and the Relativistic Schrödinger Differential Wave 
Equation

 By Einstein’s Special Theory of Relativity, kinetic energy, 𝐾𝐸, is equal to the difference 
between the relativistic mass 𝑚𝑟𝑒 of an electron multiplied by the speed-of-light squared 𝑐2 and the 
electron rest mass 𝑚𝑒 times the speed-of-light squared. 

Concisely, the speed of light in units of meters per second is the following large integer number.

And the relativistic mass 𝑚𝑟𝑒 of the electron is equal to the electron rest mass 𝑚𝑒 divided by the 
square-root of the quantity 1−𝑣 2/𝑐2, where 𝑣 is the speed of the electron and 𝑐 is the speed of light.

Therefore, the Hamiltonian, kinetic energy plus negative potential energy, for the electron in a hy-
drogen atom or hydrogen-like cation becomes the following expression when using Equation 19 to 
express the kinetic energy of the electron.

And Equation 22 can be rearranged into the following more convenient expression.

𝐸𝑠 is the energy sum or sum of the electron rest mass energy 𝑚𝑒𝑐2 and the mechanical energy 𝐸𝑚. 
𝐸𝑠can only be a positive number and greater than zero (𝐸𝑠>0) when including angular momentum. If 
the sum energy 𝐸𝑠=0, then 𝐸𝑚=−𝑚𝑒𝑐2, and the relativistic energy of the orbiting electron becomes 
equal to the magnitude of the negative Coulomb potential. 

In classical physics, if an electron in a hydrogen-like cation has a perfectly circular orbit, the cen-
trifugal force for the relativistic electron in motion equals the magnitude of the Coulomb force of 
attraction.

Next, multiply both sides of Equation 25 with distance 𝑟

          (19)

          (20)

          (21)

          (22)

          (23)

          (24)

          (25)

          (26)
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Hence, when 𝐸𝑠=0 and the centrifugal force equals the magnitude of the attractive Coulomb force, the 
relativistic electron moves at the speed-of-light with a relativistic mass equal to infinity, which would 
only be possible if the electron and atomic nucleus were both point masses and separation distance 
𝑟=0. This is one explanation of why the sum energy 𝐸𝑠 is greater than zero, and the mechanical energy 
𝐸𝑚 is greater than the negative electron rest mass energy (𝐸𝑚>−𝑚𝑒𝑐2). In addition, if one squares the 
result in Equation 24 

Then Equation 27 can be rearranged into the next expression.

Afterwards, substitute the result of Equation 24 into Equation 28 to arrive at

Where in Equation 29, 𝑝 𝑟𝑒 is the magnitude of the relativistic momentum 𝐩𝑟𝑒=𝑚𝑟𝑒𝐯 of the electron in 
motion such that 

The expression in Equation 29 is derived from the following famous equation in Einstein’s Special 
Theory of Relativity.

For energy levels with angular momentum, this is another explanation why the sum energy 𝐸𝑠 can only 
be a positive number greater than zero and the mechanical energy 𝐸𝑚 must be larger than the negative 
electron rest mass energy.  

 If one adds the electron rest mass energy squared             on both sides of Equation 29, and 
then takes the square-root of both sides, the next expression is the result. 

This result of Equation 32 is then substituted in Equation 23 for the electron’s relativistic mass energy 

To use the squared momentum operator  in Equation 33 above, the Coulomb potential is added to both 
sides of the equation, and then squaring both sides of the equation to obtain the next relation.

          (27)

          (28)

          (29)

          (30)

          (31)

          (32)

          (33)

          (34)
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Then, subtract the square of the rest mass energy              of the electron from both sides of Equation 34 
and square the Coulomb potential to arrive at the next expression. 

Now when using the dot product of the momentum operator ∇2, the relativistic version of the 
Schrödinger differential wave equation becomes the next differential expression. 

After dividing Equation 36 by squared product ℏ2𝑐2 and rearranging this equation to equal zero 

The expression in Equation 37 can be further simplified by substitution of the following unitless term 
𝛼 such that 

to obtain the next expression.

The unitless numerical reciprocal of 137.036 in Equation 38 is calculated using the numerical values 
with units given in Equations 2, 8, 9 and 20.  The relativistic version of the Schrödinger differential 
wave equation is now the following expression in terms of spherical-polar coordinates.

Equation 40 is a linear, nonhomogeneous partial differential equation that may have an analytical 
solution (Walker et al., 2014) by separation of variables 𝑟, 𝜃, and 𝜙 when setting 𝜓 (𝑟,𝜃,𝜙 )=𝑅(𝑟)Θ(𝜃)
Φ(𝜙 ), the product of three separate different functions of the spherical-polar coordinates. It is obvious 
that the analytical solution for the differential expression of 𝜃 and 𝜙 are the same as in the classical 
Schrödinger differential wave equation (Walker et al., 2014). The analytical solution for angle 𝜙 is the 
following simple exponential function. 

In Equation 41, 𝑚𝑙 is the magnetic quantum number whose values range from −𝑙 to +𝑙. The analytical 
solution for angle 𝜃 is the following polynomial. 

In Equation 42, 𝑃𝑙(z=cos𝜃) are solutions to the homogeneous Legendre differential equation given 
below. 

          (35)

          (36)

          (37)

          (38)

          (39)

          (40)

          (41)

          (42)

          (43)
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Equation 42 instead is the analytical solution to the homogeneous associate Legendre differential 
equation.

In Equations 43 and 44, 𝑑𝑧=−sin𝜃𝑑𝜃 when 𝑧=cos𝜃 involving the angular momentum quantum 
number 𝑙. Empirically, the squared quantized angular momentum is observed (Walker et al., 2014) 
to be proportional to 𝑙(𝑙+1) instead of 𝑙2 and this is in correlation with the Heisenbug uncertainty 
principle of linear momentum. 

 The major difference between the relativistic Schrödinger differential wave equation and 
the classical one is in the radial wave function 𝑅(𝑟) when taking relativistic effects into account. 
With reference to the analytical solutions of 𝜃 and 𝜙 (Walker et al., 2014), equation 40 becomes the 
following differential function of 𝑅. 

Multiply −1 through Equation 45, take the derivatives with respect to 𝑟 on the left-hand-
side of Equation 45, and substitute                                            with equivalent expression                                                                                                                                       
                                             , Equation 45 becomes 

Then use the following same relationship as in the classical Schrödinger differential wave equation for 
the unitless parameter 𝜌 (Walker et al., 2014) to have a dimensionless distance variable instead of 𝑟. 

Where 𝛽2 is set equal to next expression for 𝐸𝑠 values greater than zero and less than the electron rest 
mass energy, since the mechanical energy 𝐸𝑚 is a negative number greater than the negative rest mass 
energy value of the electron. 

Note that the units of 𝛽 is 1/meter. Equation 46 is now transformed into units of 𝜌 since              with 
the substitution of                                                         into Equation 46 

When one applies the following expression for deriving Equation 49.

Again, unitless parameter 𝛾 is used to obtain a nonhomogeneous associate Laguerre differential 
equation as in the case of the classical Schrödinger differential wave equation (Walker et al., 2014), 
and this time 

          (44)

          (45)

          (46)

          (47)

          (48)

          (49)

          (50)
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In Equation 51, 𝐸𝑒 is in units of the electron rest mass energy. Rearrangement of Equation 51 will yield 
the following equation with 𝐸𝑠 as a positive square root function of 𝛾 since 0<𝐸𝑠<𝑚𝑒𝑐2. 

After dividing Equation 49 through by (2𝛽)2 and substituting in 𝛾 , Equation 49 ends up in a similar 
form as for the classical Schrödinger differential radial wave equation but with the addition of the 𝑍2𝛼 2 
term divided by 𝜌 2. 

And again, the analytical solution of Equation 53 will be very similar to the classical Schrödinger 
differential radial wave equation (Walker et al., 2014) concerning radial function 𝑅(𝜌 ), but what will 
be different is the exponent 𝑠 in the polynomial 𝐹(𝜌 ). 

The negative exponential factor in Equation 54 is derived for large values of 𝜌 where the expression 
in Equation 53 becomes the following approximation. 

After taking the first and second derivative of Equation 54 with respect to 𝜌 , substituting them into 
Equation 53, and dividing out 𝑒−𝜌 /2

If one multiplies Equation 56 with 𝜌 and then subtract the right-hand term on both sides of this equation, 
one has the following result which is a nonhomogeneous associate Laguerre differential equation.  

The homogenous associate Laguerre differential equation is the following in terms of 𝑥 and 𝑦. 

In Equation 58, both 𝜅 and 𝜂 are integers with the following analytical series solution and coefficients. 

Apparently, the series solution in Equation 59 terminates when 𝑘=𝜂 . Compared to Equation 59, in 
Equation 56 𝐹=𝑦, 𝜌 =𝑥, 𝜅 =1 and 𝜂 =𝛾 −1. 

          (51)

          (52)

          (53)

          (54)

          (55)

          (56)

          (57)

          (58)

          (59)

Proc. Okla. Acad. Sci. 105: pp 104-131 (2025)

J.H. McNeill and J.E. Bidlack



114
 Therefore, the analytical solution to the function 𝐹(𝜌 ) is the following expansion series in 
powers of 𝜌 , as for the classical Schrödinger differential radial wave equation (Walker et al., 2014), 
where a constant value 𝑠 is added to the exponentials of 𝜌 to match with the nonhomogeneous 
differential equation given in Equation 57. 

However, this time 𝑠 will not be equal to angular momentum quantum number 𝑙, and 𝜂 =𝛾 −1 is a 
non-integer real number instead of an integer. If one performs the substitutions of the expressions in 
Equation 60 into Equation 57, one has the following result. 

Then separate out terms of 𝑘=0 for the two series on the left-hand side of Equation 61, and the same 
for the 𝑘=0 component of the series on the right-hand side of the equal sign. 

Then reset the series on both sides of Equation 62 for terms 𝜌 𝑠+𝑘−1 into 𝜌 𝑠+𝑘 by addition of one so to 
have the initial value of 𝑘=0 instead of 𝑘=1, and collect like terms.

In Equation 63 it is possible to evaluate 𝑠 since 𝑎0 cannot be equal to zero. 

The quadratic formula below is used to evaluate 𝑠. 

Next, the following part of Equation 63 is rearranged and set equal to zero so to be able to evaluate 𝛾 . 

Thus, one has the following relationship between coefficients 𝑎𝑘 and 𝑎𝑘+1 from Equation 66 above

          (60)

          (61)

          (62)

          (63)

          (64)

          (65)

          (66)

          (67)
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And the series terminates when the numerator in Equation 67 is equal to zero. Hence, 𝛾 is the following 
function in Equation 68 below noting that addition instead of subtraction in the analytical solution 
given in Equation 65 is utilized, since theoretically a quantum number of any orbital must be positive 
and greater than zero in value. 

The 𝑘+1=𝑛−𝑙, as in the classical Schrödinger differential wave equation (Walker et al., 2014), 
mandates that 𝑙𝑚𝑎𝑥=𝑛−1. Angular momentum quantum number 𝑙 is less than the principal quantum 
number 𝑛. Substituting addition in Equation 65 for 𝑠 and Equation 68 for 𝛾 , Equation 67 becomes the 
next expression. 

Another important fact is that values of 𝛾 for the 1𝑠 orbitals of all 118 elements on the current Periodic 
Table of Elements, beyond copper to element 118 (oganesson), are estimated to be greater than 1/2. 

Two Problems of the Relativistic Schrödinger Differential Wave Equation for 𝒍=𝟎 Quantum 
Levels 

 There are two problems with the relativistic version of the Schrödinger differential wave 
equation for quantum levels with angular momentum quantum number 𝑙=0. With regard to the first 
problem, the value 𝐸𝑒 in units of the electron rest mass energy, calculated from the measured 1𝑠
ionization energy of Cu28+ (Table III) (Wikipedia: The Free Encyclopedia, 2025), is 0.9773612, greater 
than the theoretical value 0.9762209 evaluated by the analytical solution of the relativistic Schrödinger 
differential wave equation. Using Equation 68 to determine the value of 𝛾 for Cu28+ hydrogen-like 
cation containing 29 protons in the copper nucleus with the single electron in the 1𝑠 orbital 

And using this value of 𝛾 from Equation 70 in Equation 52 yields the following theoretical 𝐸𝑒 value 
for the 1s ionization energy in a Cu28+ hydrogen-like cation. 

However, if one uses the measured 1𝑠 ionization energy 𝐼𝐸 for Cu28+ (Table III), experimental 𝐸𝑒 is 
greater than the number calculated in Equation 71.

          (68)

          (69)

          (70)

          (71)

          (72)
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Table III Measured Ionization Energies for the 1𝑠 Electron in Hydrogen and Hydrogen-Like Cations

In Equation 72, the numerical value of Avogadro’s number 𝑁𝐴 (Miessler et al., 2014) is in the 
denominator since ionization energies are normally given in units of kilojoules per mole. The 
calculated 𝐸𝑒 in Equation 72 from measured data is greater than the result in Equation 71, showing 
that the theoretical value overestimates the actual ionization energy. Concerning the second problem, 
this appears in Equations 65 and 68 for the hydrogen-like cation Tm68+ when the angular momentum 
quantum number 𝑙=0. For the Tm68+ hydrogen-like cation, evaluation of 𝑠 and 𝛾 using Equations 65 
and 68 both yield a complex number. 

To evaluate a numerical solution which matches experimental 1𝑠 ionization energy value for hydrogen-
like cation Cu28+, first compute 𝛾 𝐸𝑥𝑝  from evaluated 𝐸𝑒,𝐸𝑥𝑝  of Equation 72 after rearrangement of 
Equation 52 to separate out 𝛾 𝐸𝑥𝑝 . 

          (73)
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Since there is no analytical solution that matches measurement, a numerical solution is necessary. As 
such, we first inserted the calculated value of 𝛾 𝐸𝑥𝑝  from Equation 74 into Equation 53 and performed 
a numerical analysis of the radial differential wave equation using the finite-difference technique 
(LeVeque, 2017). This was performed by using Microsoft Excel (Microsoft, 2018) for the following 
expression:
 

After performing the next four steps, Equation 75 becomes the numerical expression in Equation 79 
for the finite-difference technique used to perform a numerical integration. 

 In Step 1, use the following approximation in Equation 76 below for first and second 
derivatives with respect to 𝜌 while using the calculated 𝛾 𝐸𝑥𝑝  from experimentally measured ionization 
energy. 

In Step 2, note that the approximate second derivative with respect to 𝜌 is simplified to the ratio on the 
left-hand-side of Equation 77 given below. 

 

For Step 3, collect all like terms in Equation 77 to arrive at the next expression. 

 

Afterwards, finally in Step 4 separate out the newly calculated 𝑅𝑖+2 value in Equation 79 as shown 
below. 

Then using the values of 𝜌 𝑖+1, 𝑅𝑖, and 𝑅𝑖+1 with Δ𝜌 value set equal to either +0.001 or −0.001, 
depending upon the direction in the 𝜌 -axis taken, to calculate the new value of 𝑅𝑖+2 in Equation 79. 

 For the 1s and other 𝑛𝑠 orbitals with angular momentum quantum number 𝑙=0, the 
following modification of Equation 79 was found to be necessary by adding constant 𝜎-parameter to 
dimensionless 𝜌 when using the experimental value of 𝛾 𝐸𝑥𝑝  evaluated from measured 1𝑠 ionization 
energies of hydrogen-like cations. 

Without this modification, the numerical plot of 𝑅 as a function of 𝜌 decreases in value within short 
distances from the atomic nucleus (Figure 1), resulting in a negative minimum value at the center 

          (74)

          (75)

          (76)

          (77)

          (78)

          (79)

          (80)
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of the atomic nucleus rather than a positive maximum value. It is obvious that the small definite 
volume of the atomic nucleus, as well as that of the electron, is modeled by the insertion of a constant 
𝜎-parameter. This constant 𝜎-parameter is set equal to an evaluated constant 𝐶 equal to 3.71, such 
that 𝜎 is equal to 3.71 times an estimated nuclear radius (Table IV). A logarithmic plot of Figure 
2 was utilized in estimating the value of the constant 𝐶 where near the estimated copper nucleus 
radius the logarithmic plot becomes nonlinear and increases to a maximum value at the center of the 
atomic nucleus. In units of meters, the nuclear radius is estimated (Wong, 1998) as 1.2×10−15 times 
the atomic mass number 𝐴 raised to the one-third power (𝑟𝑛𝑢𝑐𝑙=1.2×10−15𝐴1/3 meter), but instead 
for copper, the atomic weight listed on the Periodic Table of Elements is used for estimating the 
radius of the copper nucleus due to two naturally occurring copper isotopes. Then, the calculation of 
𝜎=𝐶 (2𝛽×𝑟𝑛𝑢𝑐𝑙) is employed  to convert the value of 𝜎-parameter from meters into the dimensionless 
𝜌 . The negative value of Δ𝜌 =−0.001 is used instead of +0.001 since the maximum value of 𝑅 is 
unknown at the center of the atomic nucleus. One can initially set 𝑅1 to a very small value slightly 
greater than or slightly less than zero at 𝜌 1≥25.000, initial value of 𝜌 1 dependent upon the 𝑛𝑠 orbital 
size, and then set the value of 𝑅2 to a very small number slightly greater than or slightly less than 𝑅1, 
depending upon the shape of the radial wave function, at 𝜌 2=𝜌 1+Δ𝜌 . The initial values of 𝑅1 and 
𝑅2  are adjusted to have a normalized numerical plot of 𝑅(𝜌 ) and a continuous numerical solution 
for 𝐹(𝜌 ). Afterwards, finish off evaluation of the radial wave function 𝑅 using Equation 80, rather 
than Equation 79, consistently up to 𝜌 𝑖+2=0 at the center-of-mass of the atomic nucleus. Figure 2 
displays the normalized numerical evaluation of the radial wave function for the 1𝑠 electron in the 
Cu28+ hydrogen-like cation using the measured ionization energy of the 1𝑠 orbital and the inclusion of 
the 𝜎-parameter. The maximum value at the center of the atomic nucleus at 𝜌 =0 is a positive number. 
With the inclusion of the 𝜎-parameter, the differential expression in Equation 75 becomes a differential 
equation with no known analytical solution and only a numerical solution is possible using finite-
difference technique with initial boundary conditions. Thus, measured data is required along with a 
numerical solution via the finite-difference technique. In addition, to obtain the smooth shape of the 
numerical integration at the center of the atomic nucleus (𝜌 =0), the value of the constant 𝐶 is varied 
to determine the most appropriate value of the 𝜎-parameter in Equation 80.

Figure 1 Normalized numerically calculated radial function 𝑅 for the 1𝑠 orbital in the Cu28+ hydrogen-
like cation with 𝛾 𝐸𝑥𝑝 =0.9775719, factor 𝑓𝑒𝑥𝑝 =0.489570, and 𝐸𝑒,𝐸𝑥𝑝 =0.9773612. For the 
𝑥-axis 𝑟=0.912571 𝜌 in units of picometers (10−12 meters). 
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Figure 2 Normalized numerically calculated radial function 𝑅 for the 1𝑠 orbital in the Cu28+ hydrogen-
like cation with 𝛾 𝐸𝑥𝑝 =0.9775719, factor 𝑓𝑒𝑥𝑝 =0.489570, and 𝐸𝑒,𝐸𝑥𝑝 =0.9773612. For the 
𝑥-axis 𝑟=0.912571 𝜌 in units of picometers (10−12 meter) and 𝜎=0.0195 in units of 𝜌 .

Table IV Evaluated 𝜎-Parameters for the Cu28+ Hydrogen-Like Cation in Unitless and Picometers

. 

 

In addition, one can evaluate an experimental factor 𝑓𝑒𝑥𝑝  in Equation 81 below, by the calculated 
𝛾 𝐸𝑥𝑝  when using measured ionization energies of 1𝑠 electron in hydrogen-like cations for principal 
quantum number 𝑛=1 and angular momentum quantum number 𝑙=0. 

          (81)
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Such that after separating out the factor 𝑓𝑒𝑥𝑝  in Equation 81, one has the following expression. 

If one assumes that the value of factor 𝑓𝑒𝑥𝑝  does not change with principal quantum number 𝑛, radial 
functions for larger values of the principal quantum number 𝑛 with angular momentum quantum number 
𝑙=0 can be determined numerically. However, it will again be necessary to insert the 𝜎-parameter in 
Equation 80 to obtain continuous plots of both 𝑅(𝜌 ) and 𝐹(𝜌 ). Figure 3 displays the normalized 
numerical radial wave function of the 2𝑠 electron in the Cu28+ cation which has a higher energy value, 
and Table IV displays the evaluated 𝜎-parameters for the 1𝑠 to 7𝑠 orbitals in both unitless parameter 
𝜌 and a constant value in femtometers (10−15 meters) for the estimated radius of a copper nucleus. 
For all the 𝑛𝑠 orbitals analyzed, the evaluated 𝜎-parameters are displayed at three significant figures. 
In the numerical integration of Figure 3, the evaluated factor 𝑓𝑒𝑥𝑝  in Equation 82, from the measured 
ionization energy of the 1𝑠 hydrogen-like cation Cu28+, is used again by insertion in Equation 83 
below for principal quantum number 𝑛=2 and angular momentum quantum number 𝑙=0. 

Figure 3 Normalized numerically calculated radial function 𝑅 for the 2𝑠 orbital in the Cu28+ 

hydrogen-like cation using factor 𝑓𝑒𝑥𝑝 =0.489570 and 𝛾 𝑛𝑠=1.977572, resulting in 
𝐸𝑒=0.9943230>0.9773612. For the 𝑥-axis 𝑟=1.814588 𝜌 in units of picometers (10−12 
meter) and 𝜎=0.00979 in units of 𝜌 .

          (82)

          (83)
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This computed value of 𝛾 𝑛𝑠 is then used to calculate the energy level by Equation 52, and 𝛾 𝑛𝑠 is then 
inserted into Equation 80 to perform the numerical result with inclusion with the 𝜎-parameter. Note 
that the radial wave function plot of the 2𝑠 electron in Figure 3 has a single node. 

 Theoretically, the 𝑛𝑠 electrons pass through the atomic nucleus in classical oscillations 
because there is zero angular momentum of the electron in an atomic orbital that has the angular 
momentum quantum number 𝑙=0. In classical physics (Walker et al., 2014), the electron inside the 
atomic nucleus will experience a Coulomb force matching that of the classical harmonic oscillator 
if the positive charge density of the atomic nucleus is constant, similar to an object falling through a 
linear hole through the center of a planet for the force of gravity. It is important to note that subatomic 
particles and the atomic nucleus as well are not point masses. Theoretically the electron, proton, and 
neutron are spherical in shape. The radius of the proton and neutron are estimated to be as small as 1 
femtometer (10−15 meters). Since the electron has a rest mass value nearly 1,800 times less than that 
of a proton or neutron, the radius of the electron is around 10−17 meter assuming the electron has the 
same density as the proton or neutron. This may be the physical origin of the required 𝜎-parameter for 
a numerical solution with lower ionization energy values as compared to the analytical solution of the 
relativistic Schrödinger differential wave equation. 

 Yet, it is important to note that the evaluated 𝜎-parameter using experimental ionization 
energy is slightly more than twice the estimated radius of the nucleus or diameter. If one inserts the 
estimated radius of the atomic nucleus, the numerical value of the factor “𝑓𝑛𝑠” ends up lesser in value 
than the experimental value 𝑓𝐸𝑥𝑝  and the calculated ionization energy will be larger in value than 
observed experimentally. Since the differential expression in Equation 75 with the addition of the 
𝜎-parameter in the denominator has no analytical solution and only a numerical one, it is necessary, 
therefore, to use experimental data in obtaining the most appropriate value of the 𝜎-parameter. Again, 
due to the wave-particle duality of the electron and the atomic nucleus, this may help to explain why 
the 𝜎-parameter is larger than the estimated diameter of the atomic nucleus.
. 
The Relativistic Schrödinger Differential Wave Equation for 𝒍>𝟎 Quantum Levels 

 When numerically displaying normalized radial wave functions for angular momentum 
quantum numbers greater than zero, 𝑙>0, the differential is Δ𝜌 =+0.001, positive value since at 𝜌 1=0, 
𝑅1=0. Theoretically, electrons with angular momentum 𝑙>0 are exterior of the atomic nucleus due to 
having quantized value of angular momentum greater than zero. Initial value of 𝑅2 at 𝜌 2=0.001 is set 
equal to a very small number slightly greater than zero, such that a normalized numerical plot for 𝑅(𝜌 )
is the result. When accomplishing a numerical plot for the radial wave function of angular momentum 
quantum number greater than zero 𝑙>0, a varied factor 𝑓𝑛𝑙 can be inserted into Equation 68 

This calculated value 𝛾 𝑛𝑙 can then be placed into Equation 79 instead of Equation 80 to conduct a 
numerical plot with no added 𝜎-parameter (𝜎=0). The factor 𝑓𝑛𝑙 is varied until the numerical plot of 
𝑅 approaches zero at 𝜌 ≥25.000 without any divergences, along with the numerical plot of function 
𝐹(𝜌 ) being continuous. Afterwards, the final value of 𝛾 𝑛𝑙 is determined by Equation 84 from the varied 
factor 𝑓𝑛𝑙, and this final value 𝛾 𝑛𝑙 is used to  calculate the energy level 𝐸𝑠 by Equation 52. The factor 

          (84)
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𝑓𝑛𝑙 values observed are all slightly greater than one (Table V), showing that the analytical solution is 
appropriate for quantum states that have angular momentum quantum number 𝑙=1,2,3,… It is very 
likely that numerical error is the result of the factor 𝑓𝑛𝑙 being slightly greater than one. Yet, in the 
numerical analysis for 𝑙>0 orbitals, one can set factor 𝑓𝑛𝑙=1 and vary the 𝜎-parameter in Equation 80 
instead to obtain similar results (Table V). This alternative version of numerical integration resulted 
in 𝜎-parameter values less than the estimated nuclear radius or equal to zero. The requirement of 
inserting the parameter 𝜎, for some of the orbitals with angular momentum quantum 𝑙>0, is again due 
to the small quantity of error in a numerical integration when using the finite-difference technique. The 
quantum energy 𝐸𝑠 calculated from 𝛾 𝑛𝑙 values for factor 𝑓𝑛𝑙=1 are nearly equal in value with ones for 
values of 𝑓𝑛𝑙 slightly greater than one (Table V).

Table V Evaluated 𝑓𝑛𝑙 Values with 𝜎=0, Determined 𝜎 values for 𝑓𝑛𝑙=1 for 𝑙>0 for Orbitals from 
2𝑝 to 7𝑝 for Hydrogen-Like cation Cu28+, and Calculated Energy Levels in Units of Electron 
Rest Mass Energy. Also, listed energy values do not include spin-orbit 𝐒∙𝐋 coupling.

 Figure 4 displays the numerical plot of the 2𝑝 orbital using the analytical solution for 𝑓𝑛𝑙=1 
with the very small value of the 𝜎-parameter equal to 0.000122 in dimensionless distance 𝜌 with an 
atomic nucleus radius estimated to be 0.00263 in dimensionless distance 𝜌 . Also, one of the energy 
values for the 2𝑝 quantum level, 2𝑝 3/2, is slightly higher in energy than the 2𝑠, but the other one, 2𝑝 1/2, 
is slightly less (Table VI), referred to as the Lamb shift (Lamb and Retherford, 1947), when taking 
spin-orbit 𝐒∙𝐋 coupling into account between the electron and atomic nucleus. Thus, relativistic effects 
explain why quantum levels at the same principal quantum number 𝑛, but different angular quantum 
number 𝑙, have slightly different energy values. Larger values of the angular momentum quantum 
number 𝑙 results in slightly higher energy if spin-orbit 𝐒∙𝐋 coupling is not taken into consideration. 
In the classical Schrödinger differential wave equation (Walker et al., 2014), quantum levels with the 
same principal quantum number 𝑛 and different angular momentum quantum number 𝑙 are equal in 
energy and thus degenerate when not including spin-orbit 𝐒∙𝐋 coupling. 
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Table VI Energy Levels: Relativistic Schrödinger and Dirac Differential Wave Equations, including 

Classical Schrödinger, for Cu28+ Cation which Incorporate Spin-Orbit 𝐒∙𝐋 Coupling for 
Orbitals 1𝑠 to 4𝑓
Energy values are given in units of the rest mass energy of the electron, and the numerical solutions of the relativistic 
Schrödinger differential wave equation used for listed energy values with listed factor 𝑓𝑛𝑙

1The Dirac relativistic differential wave equation involving 4×4 Puli spin matrices take 𝐒∙𝐋 coupling 
into account, so there are no energy values for “No 𝐒∙𝐋 coupling” in the solutions of the Dirac version.

2For the classical Schrodinger differential wave equation, there is a problem with inclusion of 𝐒∙𝐋 
coupling. The evaluated energy value of the 3𝑑3/2 is less than for the 3𝑠, and the energy values of the 
4𝑑3/2 and 4𝑓5/2 is less than that for the 4𝑠. This is in contradiction to what is observed experimentally.
 
3For angular momentum quantum number 𝑙>0, the analytical solution of the relativistic Schrödinger 
differential wave equation will not result in complex number for 𝛾 until the number of protons is 
greater than 205 for angular quantum number 𝑙=1, greater than 342 for quantum number 𝑙=2, and 
greater than 479 for quantum number 𝑙=3. Thus, one can assume that factor 𝑓𝑛𝑙=1 unlike the situation 
for 𝑙=0 where it is necessary to evaluate the factor 𝑓𝐸𝑥𝑝 .
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Figure 4 Normalized numerically calculated radial function 𝑅 for the 2𝑝 orbital in the Cu28+ hydrogen-
like cation using factor 𝑓𝑛𝑙=1 and 𝛾 𝑛𝑙=1.984997, resulting in 𝐸𝑛=0.9943650>0.9943230. 
For the 𝑥-axis 𝑟=1.821324 𝜌 in units of picometers (10−12 meter), and in units of 𝜌 
𝜎=0.000122<𝑟𝑛𝑢𝑐𝑙=0.00263.

 Since the analytical solutions for the relativistic Schrödinger equation are quite complex 
(Table VII), a normalized numerical solution is less tedious and nearly correct. The analytical solution 
involves gamma-functions of real, non-integer values Γ(𝑠+𝑘) since 𝑠 is equal to non-integer value 
by Equation 65, that result in irrational numbers evaluated numerically. The classical Schrödinger 
differential wave equation has gamma-functions of integers 𝑙+𝑘, involving the angular momentum 
quantum number, such that Γ(𝑙+𝑘)=(𝑙+𝑘−1)!, and less complicated negative exponential in the 
radial wave function. Concerning quantum levels that have the angular momentum number 𝑙=1, the 
square root functions in Equations 65 and 68 will not involve negative numbers unless the number of 
protons is greater than 205. 

With present day technology, element 118, oganesson, is the upper limit possible (Cook, 2010) for 
producing larger nuclei. From an engineering perspective, it may be impossible as well as physically 
impossible to produce a radioactive nucleus that has 206 protons due to the physics of the atomic 
nucleus. In addition, from extrapolation of the experimental data plotted in Figure 5, calculated using 
the measured data in Table III, one can estimate radial wave functions for hydrogen-like cations beyond 
copper up to element 118. From the extrapolation of data in Figure 5, element 118 as hydrogen-like 
cation Og117+ is estimated to have an 1𝑠 ionization energy 𝐸𝑒=0.546868 in units of the electron rest 
mass energy with 𝛾 𝑒𝑥𝑝 =0.562458>1/2 and factor 𝑓𝑒𝑥𝑝 =0.331906.    
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Figure 5 Plot of ionization energies 𝐸𝑒 of hydrogen-like cations from He+ to Cu28+ with respect to the 
rest mass energy of the electron 𝑚𝑒𝑐2. Black filled circles are from measured data and the 
white circles are from the following polynomial fit to the data. 

 
 𝐸𝑒=1−(8.63884×10−13𝑍5+3.23529×10−10𝑍4−5.80965×10−11𝑍3+2.66259×10−5𝑍2−2.19743×10−9𝑍)
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Spin-Orbit 𝐒∙𝐋 Coupling for the Relativistic Schrödinger Differential Wave Equation 

 The orbiting electron in the atom experiences a magnetic field 𝐁 from the positively charged 
atomic nucleus. Relative to the electron, the atomic nucleus is orbiting in the opposite direction 
producing this magnetic field. Thus, there is the following torque 𝛕 experienced by the electron which 
has the magnetic dipole 𝛍𝒔 due to the intrinsic spin of the negatively charged electron. 

 

Concerning this torque in Equation 86, 𝐒 is the angular momentum vector for the intrinsic spin of 1/2 
of the electron. Also,                     in Equation 86 is the Bohr magnetron for the electron, and 𝑔𝑠=2 
as determined by experimental results in the Stern-Gerlach experiment (Walker et al., 2014). The 
negative sign for the magnetic dipole 𝛍𝒔 arises from the negative charge of the electron. Below in 
Equation 87, the mathematical expression of this magnetic field 𝐁 is shown as derived by the Biot-
Savart Law (Walker et al., 2014) since the tangential velocity is −𝐯 of the atomic nucleus relative to 
the electron tangential velocity 𝐯 in the opposite direction. 

And in Equation 87, 𝜇0 is the vacuum magnetic permeability which in MKS units is 

This results in the energy splitting Δ𝐸, referred to as spin-orbit 𝐒∙𝐋 coupling, in the following expression 
given in the vector dot product below after the substitution of Equation 87 for magnetic field 𝐁 . 

In the frame of reference of the atomic nucleus at rest, there is the Thomas precession (Walker et al, 
2014) arising from the relativistic transformation of velocities, so the spin-orbit interaction in Equation 
89 is multiplied by 1/2. 

Then multiply the right-hand side of Equation 90 with the charge ratio               which will be useful for 
incorporating the unitless parameter 𝛼 . 

 

Since the electron orbital angular momentum vector 𝐋 being equal to 𝐫×𝑚𝑒𝐯 , such that −𝐋 =𝑚𝑒𝐯 ×𝐫
because the cross product of two vectors anti-commute (𝐀×𝐁 )+(𝐁 ×𝐀)=𝟎 (Wangness, 1986), 
Equation 91 becomes the following.

          (86)

          (87)

          (88)

          (89)

          (90)

          (91)

          (92)
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Since experimentally 𝑔𝑠 has been observed to be equal to 2 and the Bohr magneton 𝜇𝑏 of the electron 
is equal to                      Equation 92 is the next expression. 

 

 
To determine what the vector dot product 𝐒∙𝐋 is equal to, it is important to note that the total angular 
momentum 𝐉 is equal to the sum of the 𝐋 and 𝐒 quantized angular momenta, 𝐋 the orbital angular 
momentum vector and 𝐒 the spin angular momentum vector of the electron. 

Performing the vector dot product 𝐉 ∙𝐉 to obtain the following expression since vectors 𝐋 and 𝐒 are not 
orthogonal 

This shows the following. 

And since the magnitude of the dot products for each angular momentum vector 𝐉 , 𝐋 , and 𝐒 with itself 
are the following expressions (Tipler and Llewellen, 2012), 

Equation 93 becomes 

Concerning Equation 98, for                         is 

And for                          equals the following equation representing a lower energy state for  

Now we have the expression in Equation 98 for the spin-orbit 𝐒∙𝐋 coupling term that can be transformed 
in units of electron rest mass energy 𝑚𝑒𝑐2 as in Equations 52 for the quantum energy levels 𝐸𝑠 of the 
relativisticSchrödinger differential wave equation. First, transform 𝑟 into unitless 𝜌 , since             , by 
the following transformations of Equation 98 with substitution of  𝛼 =

          (93)

          (94)

          (95)

          (96)

          (97)

          (98)

          (99)

        (100)

        (101)

        (102)
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Then substitute 𝛽2 form Equation 48 into 𝛽3=(𝛽2)3/2

 

One then substitutes Equation 52 for 𝐸𝑠 and after performing some algebraic operations, Equation 103 
becomes 

 

Then perform an integration, either numerically or use the analytical solutions for 𝑙>0 radial wave 
functions, to obtain the expectation value       to evaluate the expectation value 〈Δ𝐸〉 of Δ𝐸 due to the 
wave characteristics of an electron in the atom.

Table VI displays the energy values including spin-orbit 𝐒∙𝐋 coupling in the relativistic Schrödinger 
differential wave equations and that from the Dirac relativistic differential wave equation. Table VI 
also shows the experimentally observed Lamb shift (Lamb and Retherford, 1947) when using the 
relativistic Schrödinger differential wave equation with spin-orbit 𝐒∙𝐋 coupling, such that the 2𝑝 1/2 
orbital is slightly less in energy than the 2𝑠, and the same for the 3𝑝 1/2 and 3𝑠 orbitals as well as for 
the 4𝑝 1/2 and 4𝑠 orbitals. The Dirac relativistic differential wave equation yields these two orbitals in 
the 𝑛=2, 𝑛=3, and 𝑛=4 shells to be equal in energy. 

The Dirac Relativistic Differential Wave Equation 

 In addition to the relativistic Schrödinger differential wave equation, Dirac developed 
a Hamiltonian for the relativistic effects of the electron in the hydrogen atom and hydrogen-like 
cations shown below. 

 

Dirac based this upon the 2×2 matrix due to the intrinsic spin of 1/2 in the electron. There are no 
spherical harmonics involving spherical polar coordinates 𝜃 and 𝜙 and in Equation 108, 𝑝 𝑟 and 𝑗′ are 
the two following mathematic statements.

        (103)

        (104)

        (106)

        (107)

        (105)

        (108)
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In Equation 109, 𝑗 is the sum or difference of the angular quantum number 𝑙 and intrinsic spin quantum 
number 1/2 for the electron in the atom. Instead of only one radial wave function, the Dirac relativistic 
differential wave equation has two due to the Hamiltonian being a 2×2 matrix based upon the Pauli 
spin matrixes of the electron intrinsic spin. 

 

In Equations 110 and 111, 𝑎 in both negative exponentials equals the following expression. 

 

And the coefficients in both Equations 110 and 111 are different and have terminating series which 
yield the following equation for the sum energy levels 𝐸𝑠 of the electron, which is the total mechanical 
energy 𝐸𝑚 plus the rest mass energy 𝑚𝑒𝑐2 of the electron. 

 

It is important to note that Equation 117 will result in a complex number when the atomic number 
of a large nucleus has more than 137 protons for quantum number           In comparison, Table VI 
displays the results by the Dirac’s relativistic differential wave equation for the 1𝑠 to 4𝑓 orbitals in the 
hydrogen-like cation Cu28+ with that of the relativistic Schrödinger differential wave equations. 

 In addition, Table VI displays ionization energies of the hydrogen-like cation Cu28+ for the 
1𝑠 to 4𝑠 orbitals calculated using the classical Schrödinger differential wave equation (Walker et al., 
2014). However, in the classical Schrödinger differential wave equation, quantum levels with different 
angular momentum quantum number 𝑙 are degenerate that have the same principal quantum number 𝑛
when not taking spin-orbit 𝐒∙𝐋 coupling into account. If one takes spin-orbit 𝐒∙𝐋 coupling into account, 
the resulting energy values do not agree with experimental results since it is relativistic effects which 
cause the loss in degeneracy of the angular momentum quantum levels that have same principal 
quantum number 𝑛. 

Conclusion 

 Results are reported in this paper which can match experimental ionization energies for 
hydrogen-like cations from numerical analyses of the relativistic Schrödinger differential wave 
equation if incorporating experimental ionization energies for the 1𝑠 electron. The likely reason why 
the theoretical relativistic Schrödinger differential wave equation and measurement of 1𝑠 ionization 
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energies of hydrogen-like cations differ in value is that the subatomic particles are not point masses as 
in the traditional treatment of wave-particle duality in quantum mechanics. For 𝑙=0 electron orbitals 
at any principal quantum number 𝑛, the analytical solutions for both the relativistic Schrödinger 
differential wave equation, assuming factor 𝑓𝑛𝑠=1, and Dirac relativistic differential wave equation 
predict that the 𝑅(𝜌 ) function goes to infinity at the center of the atomic nucleus. This cannot be the 
real case since subatomic particles are not point masses but have very microscopic definite volumes. 
Both plots in Figures 2 and 3 have limited maximum values when the electron is at the center of the 
atomic nucleus. 

 This paper demonstrates the hyperfine anomalies seen in particularly large atoms which 
have different ionization energies. Interestingly, the experimental data generated with a numerical 
analysis in our work reveal the Lamb shift, which is not shown by the Dirac equation. For l=0, it is 
important to take into consideration that the nucleus is not a point mass and only a numerical solution 
with experimental data can be used to determine the shape of the orbital. While anomalies may seem 
irrelevant, they may explain some of the mysterious phenomena encountered in nature, such as the 
colors of copper and gold metals, the liquid state of mercury, and the malleability of lead. Perhaps 
there are other consequences of unknown anomalies in nature, which might even explain why some 
people see Bigfoot and others do not. 
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